KoHcneKT JieKuii Mo 4YKUCJeHHOMY aHaJlu3y
[lepBBIli ceMecTp Kypca

Ocennb 2002



Conepxanne

1 KoHeuHble pa3HOCTU U UX CBOWCTBa 3
2 CymmupoBanue ¢yHKIHUIA 4
3 Pa3HocTHbIe ypaBHEHHUS M MX MOPATOK 5
4 Pa3spgesneHHbIe Pa3HOCTU U UX CBA3b C KOHEUHBIMH 7
5 Annpokcumanus (QyHKIHH 7
6 HHTepnoasauuoHHbIN NoguHoM Jlarpanxka 9
7 BrbiGop y3710B MHTEPNOJUPOBAHUS 10
8 CnialiH-MHTEpNoOAALUS 12
9 KeagparypHbie (opMyiasl 14
10 OGmuMii moaXox K MOCTPOEHUI0 KBaIpaTypHbIX ¢opmy 17
11 ApanTuBHBbIE KBaapaTypHbie (OPMYIIbI 19
12 3apgaua yucaeHHoro audepeHIUPOBAHUS 20
13 CpenHekBagpaTUyHasi annpokcuManus (IUCKPeTHBIH caydaid) 22
14 CpenHekBagpaThuyHas anmnpokcuMauus (HempepbIBHbIN Cay4daii) 23
15 Oproronamusauusa no HImuary 24
16 Marpuupl. Co6cTBeHHbIE 3HAUEHUS] U COOCTBEHHbIE BEKTOPHI 25
17 7 Teopem 0 MAaTPUUYHBIX (PYHKIMAX 27
18 PemeHue cucteM JUHEHHBIX AU (epeHIHAIbHBIX C IOCTOSHHOU MaT-
puiein 29
19 ¥YcroitunBocTh pemeHuil JudepeHINAIbHBIX U Pa3HOCTHBIX YpaBHe-
HHUU 30
20 Merop I'aycca u sBiIeHMe MJI0X0H 0GYCJIOBJIEHHOCTH 32
21 Metox mnocJjenoBaTeJbHBIX NPUOIVIKEHHN I8 pelleHUus] JUHEHHBIX
cHUCTEM 36
22 PenleHue HeJIMHEMHBIX YpaBHEHUH M CHUCTEM 37
23 Meron nocjiegoBaTeJbHbIX MPUOINIKEHUN 37

24 PemeHue oOBIKHOBEHHBIX AM(depeHIHaNbHBIX YPAaBHEHUH U 3ajada
Komu 40



25 MeTtoabl Anamca 41
26 Metons1 Pynre-Ky1Th1 43
27 T'nob6anbas morpemwHocts. OrpaHuyeHre Ha WAr MHTErPUPOBAHUS 45

28 Meton HbioToHa B HesIBHBIX ajropurmax pemenus nudgepeHumnanb-
HbIX ypaBHEHHUH 46



1 KoHeuHble Pa3HOCTU M MX CBOMCTBA

PaccmoTpuM nuckpeTHble PYHKLKH, T.e (DYHKIHUH, 3aflaHHble TabanuLeH.

x| flx)

Tm fm

Kak ananusupoBath Takve (pyHKIUN? [Ipefnonokum, 4To 3HaUEHHe apryMeHTa
H3MEHSIETCS C IOCTOSIHHBIM IHarom h, T.e. X,, = xo + mh (h — war TabJuLbl).
Beeném obosnauenue f(z,,) = fm. BBeném Apf(xn) = f(@me1) — f(zm) =
flxo + (m + 1)h) — f(xo + mh) (ananor nuddepenunana). Tak kak xo U h
— KOHCTaHTHl, T0 f(m) — (yHKUHMS Lesoro aprymeHta. B nanbHeiimem 6ynem
paccMaTpHBaTh TOJBKO TaKHe (DYHKIMH, TaK KaK B JI000H MOMEHT MOXKHO MepeHTH
K T.

BBeném moHsTHe nepBOH KOHEUHOH pa3HOCTH (YHKUUM f B TOUKe mi:

Af(m) E Af(m+1) = Af(m) = fs1 = fn

AHaJIOrMYHO MOXKHO BBECTH KOHEUHbIe Pa3HOCTH 6oJiee BLICOKOTO nopsaka:

A*f(m) =4 Af(m+1)=Af(m) = fmr2—fmi1—fmr1+Hfm = fo2=2fme1—fm

AP f(m) € A2 f(m+ 1) — A2f(m) = - = frss — 3fms2 + 3fmi1 — fm

B obmem ciyuae nmeem:
AR f(m) = AFLf(m +1) — AP f(m)

CBolicTBa KOHEUHBIX pa3HOCTEN

. Aa=a—a=0, e a= f(k,m) = const

2. Alafm) = afm1 — @fm = @A fp,

3. A(fm + gm) = Afm + Agm

4. A(fm : gm) = fm+lgm+1 - fmgm + fm+lgm = fm+1Agm + gmAfm =
fmAgm + g7n+1Afm
fm+1 = f(zm + h), mpu b — 0 nepexonut B anajor auddepeHHasIbHOr0
caydasi.

5. Am®* = (m+1)* —m?* st+3m571+@m572+~~—m5

KoneuHasi pasHOCTb OT MHOrOYJIeHa CTENEHH m eCTb MHOTOYJIEH CTeleHH
m — 1. B aTom Buze onpeneseHde rogutcs U Ajs AU PepeHLHANTbHOTO
cayyasi.

Tabauua KOHEUHBIX pa3HOCTEN
1. Aa™ = o™ — o™ = a™(a — 1)
2. Asink =sin(k + 1) — sink = 2sin § cos(k + 3)
3. Acosk = cos(k + 1) — cosk = 2sin & sin(k + %)



2 CymmupoBanue (pyHKUIHMU

Panee ocyectsastics nouck (k). PacemoTpum oGpatHyio 3agauy — MOHMCK
F(k) no sananHoit (k).
AF(k) = o(k)

3anuuiieM 3TO PaBEHCTBO NPH PA3JHUHBIX 3HAUEHUAX k:

Fy = Fy = o
F,—F=¢
F3 — Fy = o
Fn—i—l _Fn = ¥n
CyMMHUpysl, TIONYYUM AHUCKPETHBIH aHasor Gpopmynsl HboToHa-JlelGHuULA:
Z‘P(k) =Fyi1 —Fo (1)

k=0

HaiineM cyMMbl pa3iuuHbIX (YHKLHH:

n k_ antl_g0
L. Zk:oa - a—1

2. Y geos(k+ 1) = sintntl) _ gin o

25in% B
3. 3" k) % si b
- Y op—o cos(k) = sin(an +b)
a 1 b HAXOLSITCS METOOM HeOolpeleseHHbIX KO3((PHIHEHTOB.

4. 30 ok =an*+bn*+cn+d
Kos(p(huumenTh HILyTCs aHANOTMYHO MPENBIAYIIEMY CIydato.

5. > p_okak =?
B HenpepeIBHOM Cllydae Cief0Bajo Obl HHTETPHPOBATH IO YACTSIM.
®opmyaa AGeasi CyMMHPOBAHHS 110 YaCTAM
PaceMoTpiM HenpepbiBHbIi cayuait: u(z), v(z),U(z) = [, u(t)dt. Toraa:

b b dv
—/a U(m)a dz

a

/abumdw:/abvdU(x) =U(x) - v(x)

B AOUCKPETHOM CJy4dae BBEIEM:

[TocunuTaem KOHEUYHYIO PA3HOCTb MPOU3BENEHHUS UCXOMHBIX (DYHKLHMN:
A(Uk . Uk) = Va1 - AUg + Avy - U
def
AU, = Uk+1 — Ui = ug41, TaK KaK BCe OCTaJHble Kk CJaraeMblX COKpPallalTCs

[P BBIYHTAHHH CyMM (2).



U1V 41 = A(vy - Ug) — Uy - Avg
TMoc/ie cymMmmupoBanHs ¢ nomotibio Gopmyabl (1) momyuum dopmyny Abens:

i UkA’Uk
k=m

Tenepb MOXHO JIerKO BBIYHUCJHTh CYMMY H3 MyHKTa 5.

n n+1
E Uk41 - V41 = Uk - Uk‘ -
m

k=m

3 Pa3HocTHbIe ypaBHEHUS U UX MOPAIOK

PaccmoTpuM aHajorrio B HENMpepbIBHOM ciydae — Au(depeHLHabHbIE YpaB-
HeHHs:

F(yt™,ytm=D "y, t) = 0, tae y = y(t)

[Topsinok nuddepeHIHaNbHOTO YpaBHEHHUS ONIpeesisieTCst MOPSiAKOM CTapliei mpo-
W3BOJAHOH (B JaHHOM cjydae m). DTa BeJHYMHA 3a7aeT KOJUUECTBO HadyajbHBIX
YCJIOBUH, HEOOXOOUMBIX IJis ONHO3HAYHOrO pelleHusl 3amgadd, Jubo yucao JIH3
pellleHHH pelleHU B JIMHEUHBIX YpaBHEHUSIX.

AHaJOTHUHO pacCMOTPUM PA3HOCTHBIE YpaBHEHHSI:

F(A™z, A" 1z, A%z Az, 2,n) =0, 1.e. z = z(n)

[Topsinok paBeH pasHOCTH MeKIy KOHEUHBIM W HayajbHBIM HHIeKcaMu (HO He
6osiee m), HanmpUMep:
2A%z, +3A%z, — 2, =0

[Ipeo6pasyeM KOHeyHble PAa3HOCTHU:

2
A%z, = Zn+2 — 2ZnJrl — Zn

3
A Zn = Zn+3 — 3Zn+2 + 3Zn+1 — Zn

JIOMHOKHB Ha COOTBETCTBYIOLIHE KOI(PPHUIUEHTHl 3TH [BA PABEHCTBA U CJOXKHUB
UX, NOJY4YHM:
22n43 —32p42+ 042, — 2, =0

T.e. nomyuuM ypaBHeHHe n + 3 —n — 2 = 1 nopsaka.

Jlansi ompepesieHus NOpsiika Pa3HOCTHOIO ypaBHEHHS] HeOOXOAUMO BbIPA3UTb
BCe KOHEeuYHble PAa3HOCTHU uepe3 3HaueHHsl (PYHKLUUM B pasjM4UHbIX TOYKaX, TOIAA
NOPSZIKOM DA3HOCTHOTO yPaBHEHWS SIBJSETCS Pa3HOCTb MeXAy HauOOJbLIMM H
HaWMEeHbIIHMM 3HaueHHeM apryMeHTa.

B o6uiem c/yyae pasHOCTHOe ypaBHeHHe MOpsAKa S MMeeT C/efyloLIHH BUA:

Zn+4s = F(Zn+5717 Zn4s—25 -3 2n+1y2n, n) (3)

L5 ero pelieHusi HeOOXOOUMO S HAYaJHBIX YCJIOBHHU: 2z, 21,...,25—1. 110J0KUM
B (3) n = 0. Torna aprymentamu F' 6ynyT HauajbHble YCJIOBHS M MOXHO BBIUHC-
JIUTh Zs.

[Tonoxxum n = 1. AprymeHTtamu F' 6yayT s — 1 HadasibHBIX YCAOBHH U Zs, OCUH-
TaHHOE Ha MpeAbIAYyILEM LIare.

OTo — TMOWIArOBBIE METOJ pelleHHs] Pa3HOCTHOTO ypaBHeHHs. Ero HOCTOMHCTBO
3aKJII0UaeTcsl B JIETKOCTH peasnu3auuu Ha IBM, HemocTaToK — B HEOOXOAHMOCTH
obcueTa BCex ILIAros.



B HeKOTOpEIX C/1ydasX MOXKHO NOJYYHTb aHAJUTHYeCKOe pelleHHe Z,, 03BOo-
JIIIollee BBIYMCJHUTD 2, HENOCPeICTBEHHO, He ONpejesss BCe Npelbliyllide TOUKH
MOILArOBBIM METOIOM.

PaccMoTpuM JiMHeliHble pa3HOCTHbIE ypaBHEHUS MepBOro MopsiiKa:

Znt1 = @zp, + p(n), zo — HayaNbHOE YCJIOBHE (4)
HaquM ero pemaTb NomaroBbIM MeTOOLOM:

21 = aZg + Yo
29 =z + 1 = a220 + awo + 1
73 = aza + @2 = @20 + &’pg + a1 + po

B o6mem Buze:

n—1

2 ="z + > aFpn 1y (5)
k=0

[Ipeanonoxum, 4to o, = (3 =const. Toraa z, = a™z + ﬁzz;é ok,
CBepHeM CcyMMY:
n 1-a”
Zp=0a"20+ —f
11—«

JIuHeliHble pa3HOCTHbIE ypaBHEHHS BbICIIUX MOPSAIKOB C MOCTO-
SAHHBIMU K03((puLrueHTamMu

Q0Znts+Q12Znts—1+F+asz, = @(n), 20,...,25—1 — HadaabHble ycJoBUs (6)

IT0 ypaBHeHUe JUHENHHOE, T.K. BEJUUUHBI 2 BXOIST JUHEHHO; C TOCTOSSHHBIMH
KO3 duuHeHTamu, T.K. o # f(n); HeogHOpOOHOE, T.K. v, # 0.

[lo ananoruu ¢ guddepeHUUANbHBIMU YpPaBHEHUSIMH, HauHEM pellaTb ORHO-
POIHOEe ypaBHEHHe:

Q0Znts+ @1 2nts—1+Faszn, =0, 20,21,...,2s—1 — HauajbHble ycaoBUS (7)

Bynem uckath pelieHue B BUIe z, = Cv™. [logctaBum ero B (7) U COKpaTHM Ha
Cu~™

-1

a0+t tas=0 (8)
YpaBHeHMe (8) Ha3blBaeTCsl XapaKTepPUCTHUECKUM 1Jis1 ypaBHeHHUs (7), Kak, BIIpPO-
4eM, ¥ [/ UCXJTHOTO YPaBHEHHS. Y1,72,...,7Ys — KOPHH XapaKTePHCTHUECKOTO
ypaBHEHHS.

Jlio6asi KoMOUHALKS JIMHEHHOHE3aBUCUMbBIX pellleHHH ypaBHeHus (7) Takke
SIBJISIeTCs ero pelueHueM. Takum o6paszoM, obliiee pellieHHe ypaBHeHHUs (7) HMeeT
BUL:

s
k=1

Ecsin KopeHb y; HMeeT KpaTHOCTb ¢, TO COOTBETCTBYIOLAst IPyNIa pelieHUH HMe-
eT ciegyoowmui BuL: Py_1(n)y7, rie Py_1(n) — nojuHoM ¢ — 1 cTeneHu ¢ mpo-
U3BOJIBHBIMH KO3((HULHEHTAMHU.



O6liee pelieHHe HEOIHOPOAHOrO ypaBHeHHs (6) paBHsieTCst cymMMe OOIIero
pellleHHs] OMHOPOIHOTO YpaBHEHHS U JI06Or0 YaCTHOTO pPelIeHHs HEOLHOPOIHOTO
ypaBHEHHUS:

Zueommop (1) = Zommop (1) + 2% (1)

Eciu p(n) — nunefinast KOMOUHALMSI TOJHHOMOB ¥ MOKA3aTe/NbHBIX (PYHKUHH,
To z* mopbupaeTcss B TOM e BHJE C MOMOIIbIO METOAA HEONpeAeseHHBIX KOod(-
(PUIMEHTOB, a B OOLIeM cJy4ae HCIOJb3yeTCsl MeTOM BapHalWi MPOU3BOJNBHBIX
MOCTOSIHHBIX JlarpaHixa.

4 PaSJ.IeJ'IeHHBIe PAa3HOCTHU U UX CBA3b C KOHECUYHbBIMHA

Ecau Tabiuynasi GyHKUHS 3afaHa C HEPABHOOTCTOSILIMMHU apryMEHTaMu, TO
IUISL XapaKTEPUCTUKH GBICTPOTHI U3MEHEHHE (DYHKIIHK BMECTO KOHEUHOH PA3HOCTH
BBOIMTCS TMOHSTHE pa3leeHHOH PasHOCTH (aHaJior MPOM3BOAHON [Jil HENpPEephIB-
HBIX QYHKIH#H):

fxs,xsy1) = flosyr,zs) = RIS Sl pasmesieHHasi pa3HocThb | mopsika
xs+1 — T
PaspesieHHasi pasHOCTb SIBJISIETCSl CUMMETPHUYHOH (yHKIHeH CBOMX apryMeHTOB.
MokHO 10Ka3aTh, YTO W pasfiesieHHble PA3HOCTH 0oJiee BBICOKOTO MOpsiaKa 06Ja-
JIAI0T 3TUM CBOHCTBOM.

f(Tsya, strl) - f($s+17 SUS)
Ts4+2 — Ts

f(xs+27x8) =

PaSﬂ,e.]IEHHaH Pa3HOCTb T MOPAAKa BBIMJIAOUT TaK:

f@sqnyoo oy @sy1) — f(@spn—1,.--,Ts)

xs-i—n — Ts

f(:vs+n,...,xs) =

Ecs y3/ibl paBHOOTCTOSILIME, TO MOXHO HCIIOJb30BaTh KaK KOHEYHbIE TaK U
paszesieHHble PA3HOCTH:

s — Js s h* S A s
f(Is+1,$s):xfE_£ :f(x Jr})L f(x): ff(Lx)

Af(xssq Af(xs
f(i;LJr)_ f}(l )_A2f($s)

f($s+2a Ts41, xs) =

2h - 2R?
I[To HHAYKIOHHU JIETKO I10Ka3aTb, UTO pa3feJsieHHasA Pa3sHOCTb N MNOPAAKA BBITIALUT
TakK: n
f(xs+naws+nfla B 1’5) = L(Z‘S)
nlh™

5 Annpokcumanus GpyHKIUA

f(z) MoxeT ObITh MpeacTaB/eHa pa3iHUHBIMH CIOCOGAMH:
1. Ananutuueckn

2. Tabauuno



3. I'paduyecku
4. AnroputMuuecku (OTaHYaeTCs TE€M, UTO MOXKEM B3SAThb V)

Ha npakTtuke yacTo BO3HHKaeT MOTPeOHOCTb ONHUCATb UCXOAHYIO (DYHKLHIO,
3a[aHHYIO OIHHM U3 YeThIpeX crnocoboB, Apyroi, 6osee NpocToil (¢ TOUKK 3peHHs
peluaeMol 3a1auu), NPeNCcTaBJIeHHOH aHAJIUTHYECKH (HampuMmep IJsi TOro, YTOOkI
MOKHO OBIJIO MOCUHUTATh HWHTerpas). AHaJIUTHUYECKH 3aJaHHYI (YHKLHIO TOXKe
HHOTra yIoOHO Ha KaKOM-JH00 yyacTKe 3aMEHHTb Ha 6oJjiee MPOCTyio (MOJHHOM,
TPUTOHOMETPUCEKYIO HJIM NOKAa3aTe/bHYIO0).

Jlast cpaBHeHMS (DYHKUHH OPYT ¢ APYroM HeoOXOAMMO BBECTH KpHUTepHUil 6.H-
30CTH MeXAy (YHKIHUSIMH.

Paccmotpum ucxonnyto ¢yHkuuio f(z),z € [a,b] U g(x) — annpokcumupyio-
myo GyHKUH0. MO0XHO HCNO/b30BaTh IBa KPUTEPHS:

L6 = max |f(z) — g(z)|

z€la,b]

b . .
2. p? = [ (f(z) — g(x))* dz — cpenHekBaxpaTHUHBIA KPHTEPHI.
BMecTo 2 MOXHO HCMOJIb30BaTh JIOOYI0 YETHYIO CTelleHb WKW MOLYJb(HO
9TO HEYMOOHO, TaK KaK MOLY/b He SIBJsieTCs NIaakod (QyHKIIHe).

Ecau ¢yHKUMA 3afaHa TaGMUYHO, TO JUCKPETHBIH aHAJOr CPeAHEKBaAPATHUYHOIO
KPUTEPHUS BBITVIAIUT TaK:

n

2 = S (Flan) — glan))?

k=1

Bbl6op KpHTepHs 3aBUCUT OT XapakTepa pellaeMod 3anauH.

3agaua MHTEPHOJINPOBAHHS

[TycTe maHa ucxomHas QyHKLUS:

x| flx)

Tm fm

PaccmoTpuM HaGop mpocThiX, JMHHeHHOHe3aBUCUMbIX (DyHKUKE {pk(z)} U ux
JUHEAHYI0 KOMOHHALUI0 Q. (T) = > 1o, arpr (). Basucusle QpyHkumn @) (z) 3a-
JIaHBl, af HalO0 HaHUTH, T.e. NogobpaThb UX TakK, YTOObl alMpPOKCHMUpPYIOIIas PyHK-
uust Oblia 6nxke. o () 3a1aeTcs UCXOAsT U3 BUAA HUCXOMHOH (DYHKLHH.

[ToTpebyeM uyTOGBE BO BCex y3/ax TabJMLBl UCXOAHAs (DYHKLHUS COBIajgasa c
aNMpPOKCHMUPYIOLLEH:

Qm(xi) = f(zi) Vie[0,m] (9)
910 — m + 1 ypaBHeHHe ¢ m + 1 HEU3BECTHBIMH.
eo(wo)  p1(zo) ... m(wo)
A=l | #0
o(zm) @1(Tm) .. Pm(Tm)



DTOT ompefesuTeNb He JoJkKeH ObITh paBeH 0 [/ Toro 4yTo6bl 3ajaya MMeJa
eIMHCTBEHHOE pelleHHe.

HaubGosiee yacTo B KayecTBe amNpOKCUMHUPYIOLIUX (DYHKUHUH BBIOMPAIOT MHO-
rousiensl, T.e. pr(x) = z¥. B 3Tom c/yuae onpeneanTeNb CHCTEMBbl NPUHHMAeT
CJIeyIOIUN BUA:

1 x9 x% oozt
A= | #0 (10)
1z, 22 xm

(10) naswiBaercsi onpenenuresem Bau-nep-Monna. O He paBen 0, et y3Jbl He
OMHAKOBEI, [I03TOMY CHCTEMa BCErga UMeeT eIMHCTBEHHOe pelleHHe.

6 HaTepnonsaumoHHbIN NMoanHoOM Jlarpanika

Ecau ycsnosue (9) Beinosusietcst, To @, () Ha3blBaeTCs WHTEPIOJSLUOHHEIM
MHOTOUJIEHOM, @ T} — Y3JaMH HHTEepPIOJUPOBAHHS.

Kpurepu#t 6iM30CTH B JaHHOM CJIydae — PaBeHCTBO B y3JaX WHTEPIOJIHPOBA-
HUS.

Ecnu ysnel pacnosoxeHsl 6JH3K0 Apyr K APYTY, TO ONpele/uTeNb OKa3blBa-
ercsl 6su3kuUM K 0 M pelleHHe CUCTEMBl CTAHOBUTCS OU€Hb UYBCTBHUTEJbHBIM K
MOTPEIIHOCTH B UCXOAHBIX JaHHBIX.

Cuctemy (9) MOXHO He pellaThb U MOCTPOUTb MHTEPMOJNSLUOHHBIH MOJHHOM B
rOTOBOM BHJe. BBeneM HECKObKO (DyHKIHH:

w(z) = (x —xzo)(x —x1) -+ (x — x,,) — MHOTOUJIEH CTENEHH M + 1

Ero kopuu (zg,x1,...,Tm) — Y3/l HHTEPIOJUPOBAHHUSI.
w(x)
wi(x) = ——— — MHOTOYJIEH CTENEeHH M
r — Tk
o wk(x)
m(x) = ——=f(zg 11
Qm(2) ;J%(xk)f< ‘) (11)

[puuem ycnoBus (9) BBIMOJHSIOTCS, T.K.:

- N 0 k#£i .
Qm(zi) = |wi(xi) = wz‘(l’i) =i = f(z:)

T.e. B m + 1 y3sie OJMHOM paBeH 3HaYeHHIO (PYHKLUHM, CC/IELOBATENBHO 3TO —
HUHTEPIONSLHUOHHBIN MOJMHOM N0 onpefeseHuto. (11) Ha3biBaeTcs MHTEPIOJSLH-
OHHBIM ToJiHOMOM B (hopme Jlarpanxka, T.K. u3 (10) caenyer, uTo BCe HUHTEPIO-
JISIUUOHHBIE MOJHHOMBl PaBHBbI.

OcTaTouHBIN 4JIEH HHTEPHNOJALIUOHHOI0 MoJHMHOMA

f(z) = Qm(x)+ R (x), tie Ry () — oCcTaTOUHBIE Y/leH HHTEPNOJALHOHHOTO
TMOJIMHOMA, T.€. €r0 MOTPELIHOCTb.
Beenem ¢(z) = f(2) — Qm(z) — kw(x). B yanax unrepnonupoBanus ¢(z) = 0,



T.€. L0, &1,-..,Lm — HYJIU 3TOH QYHKUMHU. [lycTb £ — TOYKa, rle HAlO OLEHHUTb
norpeiHocTb. Breibepem k TakuM o6pasom, 4tobsl ¢(z) = 0, T.e:

j= @) = @m(2) (12)

w(x)

Torna (z) Gymer umeThb 1o Kpatinedd mepe m+2 nyas. [lo Teopeme Posist nepsas
npousBofHas GyfeT UMeTb MO KpaiiHeil Mepe m + 1 HyJb, BTopas — m, (m + 1)
npousBofHas OyneT uMeTb 1 HyJb. O603HAYMM 3Ty TOUKY Ha 7):

P ) = 0

PacroJioxkeHue TOUKH 1) 3aBUCUT OT BuAa f(x), PaCroNOXKeHHUs Y3JI0B HHTEPIIONH-
POBaHHsI, @ TAKXKe OT TOUKU T, [JIe OLEHUBAETCS MOrPELIHOCTD.

Bosbmem (m 4 1) mpoussonuyio ot ¢: @™+ (n) = (D) () —0 — k(m +1)!
CiienoBare/ibHO

o )
(m+1)!
[Toncrasass B (12) moayuum:
f0) = Qula) + [ 7D )
Ry (2)

7 Bb100p y3J10B NUHTEPIOJMPOBAHUS

Ry, (z) = (:fbfl))!f(m“)(n).w(x) B y3/1aX MHTepIoJHpoBaHHs obpaliaercs B 0.
Ecnu f — monuHOM cTemeHH m, TO MOTPelIHOCTb paBHa 0, T.e. JIOOOH MONHHOM
CTEeMeHH M BOCIPOU3BOAUTCS HHTEPIOJSALHOHHBIM MOJMHOMOM MO m + 1 Touke
TOUHO.

PaccMoTpuM 3amauy MHHHMH3alLMM morpewHocty: a n, f U (m + 1)! Baudars

He MOXeM, [03TOMY MHHUMU3HPYeM |w(x)|:

1. m — const u ecTb Tabsuua ¢ yucaoM TodeK > (m + 1). Touka x*, B K0oTO-
po#i BblUMCsieM 3HaueHHe Q.,(x) nsBectHa 3apanee. Torma aas min |w(z)]
6ynem 6paTb m + 1 OaMKaALIUX Y3J0B.

2. m — const, TaGMHULBl HET, HO 3alaH NPOMEXKYTOK MHTEPNONHPOBAHHUS [a, b].
3agaua COCTOUT B TOM, YTOOH BEIOpaTh m+1 y3es Tak, uTo6bl MUHUMHU3UPO-
BaTb MaKCUMYMY MOTPELIHOCTH: m[ax]|w(x)| — min. Ecau z* HeusBecTHo,

z€la,b

)

TO y3Jibl He CJeyeT BbIGHPaTb PABHOMEPHO, T.K. B 3TOM CJydyae BBICOTA
"nUKoB"(pYHKUKK w(x) He OyieT OfMHAKOBOH B Jt0GoM cayuae. s ontu-
MaJIbHOTO BBIOOpA y3JIbl HAO CABUHYTH K KpasiM, T.e. ONTHMAJbHBIH BHIGOP
y3JI0B OTBEYAET HYJSIM OPTOTOHAJNBHBIX MOJHMHOMOB UeObiéRa.

Kak o1eHHTh MOrpemHoCTb HHTEPIONSLUOHHOTO TToNMHOMa? Ha mpakTuke eé
pPelKO OLIeHHBAIOT 110 OCTAaTOUHOMY YJIeHY B CBfI3H C TPYAHOCTSIMH IO OLEHKe Mpo-
HM3BOJIHOH.

Hau6osee nomyssipHa cienyiouias npouenypa: no tabsauue cTposiT @y, (x) U Bbl-
YUCJSIOT 3HaUeHHe B Touke x*. [ToToM 106aB/SIIOT elé OfHY TOYKY W BHIYHCISIOT
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Qm+1(x*). [lpono/mxkaT 10 TeX MOp, MOKA Pa3HOCTb MEXAY COCEIHHMH MOJIH-
HOMaMM He OyleT MeHblle 3afaHHoH. MHTeprossuuoHHbIH nonuHoM JlarpaHxka
MaJio TIPUTOfeH MJis 3TOM MpOUeAypbl, T.K. NMPU A00aBJEHHUU ellé OJHOH TOYKHU
HeoOXO0IMMO NTPOU3BOANTD BCE BHIYHCJIEHHS 3aHOBO. [loaTOMy BBOISAT MHTEpIIONS-
LIMOHHBIH MOJHHOM B (opme HbioToHa.

HHaTepnonsiuuonusiii nonmuHom HbploToHa nisi paBHO- M Hepas-
HOOTCTOSIIUX y3JI0B

X0y X1y, Ly, — Y3JbIL. B Touke x Haao BBIYMUCJ/IHTbL 3Ha4Y€HHUE IOJHMHOMA.
f(:L‘,.TQ) déf M — pasaeneHHasag pa3HOCTb MEepBOro nopsaka
r — X
Torma f(z) =  f(xo) 4 (z—x0)f(x,z0)
N—— ———— —
n.an 0 crenenun HOTPenIHoCTh
det f(z,x0) — f(z0,x
f(.r,xo,xl) ; ( ) 0) ( 0, 1)
xr — X

Boipasum f(x, o) yepes BTOPYIO pasiesieHHYH PA3HOCTb U MOACTABUM B f(x):

f(x) = f(xo) +(x — x0) f(w0, 1) +(2 — z0) (2 — 1) f (2, 20, T1)
Q

Q1

IIponoskasi aHaJOTMYHO, TIONYUHM:

f@) = f@o) + (x —z0)f (w0, 21) + (x — mo) (& — 1) f(x,T0, 71) + -+ +
+ax—zo)(x—2x1) (& — 1) f(@0, 21, + -+, Tm) +
+x—x0)...(x —xm) f(z,z0,21, ..., Tm) (13)

(13) — uuTepnossiuMoHHbBIH MosuHOM HbioToHa B o6miem Bume. Ilocnentee cia-
raeMoe — ero MOrperrHoCTh.

Jlerko 3aMeTUTDb, UTO Q () = Qm—1(x) + (x —x0)(x —21) ... (T — Typ—1) X
X f(xgy...,2Zm). Tnepb nerko NpoBeCTH BHILIEOMHCAHHYIO MPOLEAYPY AJIsi MOA-
cyeTa 3HaueHMs B x: MOCTPOUM (o ¥ mocuntaeM Qo(x). HocratouHo qn? Hainem
Q1(x) 1 cpaBHUM U T.4. [/ KaXKIOH CTeNeHH MOJIHHOMA HaJ0 3HAThb OUEPENHYIO
KOHEUHYIO PasHOCTb, T.e. HY»KHO JOMOJHHTENbHO MPOHU3BECTH OJHO BhIUHTAHHE U
OJIHO JieJIeHHE.

B cnyuae, korma y3gbl TabJHIbl PAaBHOOTCTOSIIHE, pa3fe/€HHHbIE PA3HOCTH

MOTYT ObITb BbIpakKeHbl Uepe3 KOHeuHble: T = xg + hig,tr, = 0,1,2,3,..., T.e.
def A™
cuutaeM B y3nax. f(zo,T1,...,Tm) = %h(“) [MopcraBum B (13):

tt—1)---(t—m+1)
m!

t
m
Qu(@) = f(0) + 3 Af (wo) ++ -+ + A" f(zo)  (14)
(14) — vHTeprOJSAUMOHHBIHA TOMUHOM HblOTOHA 1J1f PABHOOTCTOSIILIUX Y3JIOB.
VHTepno/isiiiHOHHbIE TTOJHHOMBI BBICIIMX CTENeHeH Ha MPaKTHKe CTPOSITCS OT-
HOCHUTEJIbHO PeNKO, T.K. OHM OYeHb UYBCTBHUTEJbHbI K TMOIPEIIHOCTH B HCXOMHBIX
nanHbix. [ToaTomy yacTo pasbuBaioT Tab/auIly Ha OTAEJbHbBIE YYACTKH, HA KaXKJIOM
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U3 KOTOPBHIX CTPOAT H.II. OTHOCHTE/bHO HeBHICOKOH cTeneHu. Ha npakTuke Takod
MOJXOJ YacTO HCIIOJb3yeTcs, ONHAKO, B Psiie NMPUMEHEeHHH 3TO HeylnoOHO, T.K. B
TOYKaX CTBIKA COCEJHHUX IOJMHOMOB (DYHKLHS He auddepeHuupyema. B Taxoih
CUTYalHUH HCIONb3YIOT UHTEPHOJALHUIO CIIaHHAMH.

8 CrulaiH-MHTepPNOJaALUS

Paccmotpum mpoMexkyTok [a,b] Ha KOTPOM 3amaHbl n ToueK (He 00si3aTesbHO

paBHOOTCTOSILINX). Pa3o6beM Ha n — 1 MPOMEXKYTKOB: [x1, T3], ..., [Tn_1,Z,]. Ha
KaXKJIOM TIPOMEXKYTKE MOCTPOUM I10 TIOJUHOMY 3 CTeleHH — IO0Jy4HuM Bcero n— 1
MOJIMHOMOB.
[k, Tri1] — Sk(z) = ag + br(z — zx) + cp(x — 21)? + dp(x — x1)%. Bosuuk-
1asi cTeneHb cBOGOAB! (CTOPOUM MONHHOM 3 CTEMeHH M0 2 TOYKaM) HUCMOJb3YeTcs
07151 ToJy4eHusl riankoil Kpuoil. Bcero mosnyuaem 4(n — 1) mapamerpos. Tpe-
fyeTcs coBNafeHUe BHYTPEHHUX TOUEK COCEIHUX IMONHHOMOB, a Takxke UxX | u 2
MPOX3BOIHBIX.

Sk(Tr+1) = Skt1(Tr+1) (15)
Si(@rt1) = Sppq (Tht1) (16)
Sk (zre1) = Siy1(Trg1) (17)

rie k = 1...n —2 — paccmaTpuBaeM BHyTpeHHHe ToukH. [loayuuau 3n — 6
ypaBHeHU. E1Ié HY>KHO n yCIOBHUH COBNaieHUs ¢ TabJUUHON QYHKLNEH, T03TOMY
Bcero umeeM 4n — 6 ycqoBu#. OcraBiivecs 2 yC/a0BUS MOTYT OBITb HaslOXKEHBI
OTHOCHTEJIbHO MPOW3BOJbHO, HANPUMEp, A/ OHU MOTYT ObITb HCIONb30BAHbI AJI5
obecrieyeHnst yCJOBUU Ha KoHUax. VM3 nByx HabGopoB ycjoBUil BeIOHpaeM Te, UTO
HauboJiee TOYHO NMOAXOAAT MO (PU3UKY 3alauH.

PaznuuHble yci0BHS Ha TpaHULAX:

L SY(x1) =0
! () =0

n—1
DT0 — eCTeCTBEHHbIH CrlaifiH. DTO TepMuH U3 MexaHuku: S” = 0 — ycuo-
BHE TOTO, YTO JIMHElHKa (CraiiH) HaXOMUTCS B CBOGOIHOM COCTOSIHHH.

2. Tlo nepebIM yeTbipeM Toukam cTpouTess (Q3(w) — wu.n. Jlarpanxa. Auasno-
THYHO Ha Apyrom KoHue(Qs(z)). YcioBus:
i) =)
3 (xn) = Sp11(20)

Bo3MoxxHO MocTpoeHUe CIJIalHOB pasHbIX CTeleHel, HO CIIJIalHbl TpeThel cTe-
TIeHH Jlerde BCETO CUMTATh H OHHM JOCTaTOYHO "KPAcHBO" BEITJISIST, TMOITOMY H
HOJIyYUIH HauOOJbIIYIO NONY/ASPHOCTD.

IIporpammbr SPLINE u SEVAL
Uurepdeiic nporpammsr tako: SPLINE(N,X,F,B,C,D).
N Ko/J1M4ecTBO TOUEK

X MaccuB y3J0B
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F maccuB 3HaueHUH (pyHKUHH
B,C,D onHoMepHble MacCHBBI, 31eMEHTAMH KOTOPBIX SBJSIOTCS by, c U dy.

aj, He HaXomuM: ax = fj, T.K. Sk B y3/aX C OLHOH CTOPOHBI paBHA aj, C APYTrOH
— COBMAJaeT cO 3HaYeHHeM (PYHKLHH.

Hpyrasi GpyHKUHMsS BblUKCIsieT 3HadyeHue cruaiiHa (Spline Evaluation).
SEVAL(N,U,F,B,C,D)

B Touke U IIPOUCXOOUT BBIYUCJIECHUE 3HAYCHUSA CrJIaiHa

HHTepnonupoBaHue no JpMUTYy

[Tpu mocTpoeHUH HMHTEPHOJSLHOHHBIX NoJUHOMOB JlarpaHxka u HbloToHa Hc-
N0J/1b30Ba/IUCh 3HaueHUs (QyHKUUU. Eciu naHbl 3HaueHHs NPOU3BOAHOU (DYHKLHH
B COOTBETCTBYIOIIMX TOYKAaX, TO MX MOXKHO HCIOJb30BaTb MPH MOCTPOEHHUH HH-
TEPIOJIALUOHHOTO MOJHHOMAa DpPMHUTA.

[Tpennonoxum, 4TO QYHKUMS 3aaHa CJeqylolled TabanuLe:

z | fz) | f'(2) | f"(=)

zo | fo fo -
z1 | fi fi 7
z2 | fo - -

Crenenp nosnHoMa OyfeT paBHa b, T.K. UMeeM 6 "Touek".
H5(xk):fk k:07172
! !
Hi(xx)=fi, k=0,1
Hy(xp) = fi k=1
AHaJIOTHUHO HHTEPTONALHUOHHOMY MOJHHOMY JlarpaHKa MOJMHOM DPMHTa TOXKE

MOXKHO 3amucaTh B TOTOBOM BHIE, He pemias cucremy. [Ipumep — passoxeHue
(DYHKLHMH B CTENEHHOH DSA:

r—x 2 r—x 3
( o 0) f”(.%‘o)—i—( i 0) f///(xo)

Py (z) OCTATOYHBLIH YJIeH

Py(z) — uacTHuHas cymMMa pasjioxeHusi B craneHHod psp. [lpuuem Po(mg) =
f(zo), Py(xo) = f'(x0), Py (x0) = f"(x0), T.e. Po(x) uMeeT OAHH y3€J HHTEpIO-
JIUDOBAHHUsSI U COBMAJAeT B 9TOH TOUKE CO 3HAYEHUSIMH (DYHKIIHH, CJEN0BATENLHO
5TO MHTEPMOJISALUHOHHBIHA MOJHHOM DPMHUTA.

O6parHas 3ajaya UHTEPNOJUPOBAHUSA

Panee Tpe6oBasoch B 3agaHHOH TOYKe x* HAUTH 3HAUeHHe TaOJHUUHO 3aJaHHOU
¢byHxkuuu. PaccMoTpuM o6paTHYI0 3ajauy — HaX0xXKAeHHe =¥ Mo 3aJaHHol f*. DTOo
MOKHO OCYLIEeCTBUTb IBYMS CIIOCOOaAMMU:

1. Tlocunrath: Qm(x) = f*, onHAKO 3TO yAOGHO MPH MaJbix CTeneHsiX @y, (1o

9).

2. TloMeHATD apryMeHT U (DYHKLHIO MeCTaMH — [OCTPOMTb MHTEPIOJSALHOH-
HBIH MOJIMHOM OT 06paTHOH (PYHKUMH. TO BO3MOXKHO, €CH (PYHKLHUS SBJS-
eTcsi CTPOro MOHOTOHHOU. Ecsin 3T0 He Tak, To pa3buBaeM Ha 4acTH 06/1acThb
onpejeseHUs (QyHKLHUH.
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9 Ksgagparypsbie popmyiibl

I= f; f(x)dz u f(x) = Qm(z) + Ry (). Torna:

b b
/ f(z)de =~ / Qm(x) dx — kBagparypHas ¢opmysa

b
€= / R, (z) dz — norpelHocTs KBagpaTypHOH (hopMysbl

Pacemorpum Q. (x) npu pasiudHbix k:

e k=0 Qo(r)= f(x0), ax0=14b

I'~(b—a)f(a) (18)
I'~(b—a)f(b) (19)
Im(b—a)f(a;_b> (20)
['me (18) — kBangparypHast hopmyaa Jjeswix, (19) — npaseix, (20) — cpemHux
NPSIMOYTOJIbHUKOB.
e Qi(z)= "N+ o fo,zo=a, 21 =0
b—a .
I~ 5 (f(a) + f(b)), KBajipaTypHasi (opmyna Tpaneuui

e (Q2(T) CTPOMM MO TpeM TOUKaM: To = a, Ty = b, z; = “E>

a+b
2

a

I%bg [f<a>+4f<

) + f(b)}, KBajpatypHas ¢opmyna CHUMICOHA

o [list yeThipex y3/0B (opMysna HOCHT HazBaHue (opmynasl Herorona 3/8.

Ecnu pesysabrat nosydaercst HeyI0BJAETBOPHUTENbHBIM, TO CJAeAyeT pa3buTh Mc-
XOIHBIH MPOMEKYTOK Ha Psill IPOMEXKYTKOB TaK, UTOOBl HA KaXKIOM M3 HUX (PyHK-
LU OMUCHhIBaJach TOJMHOMOM 33aJaHHOH CTeNeHH. 3aTeM NPUMeHseTCs ofHA U3
KBaJpaTypHbIX (DOPMYJ U pe3yJbTaThl CKaaabiBaloTcsd. Takue (hopMmynbl HasblBa-
I0TCSI COCTABHBIMH.

CocraBHbIe KBaapaTypHble (POPMYJIbI

Paspenum [a,b] Ha n paBHBIX MPOMEXYTKOB: [Zq, 1], [T1,Z2], ..., [Tn—1,Zx].
To=Q, Ty, =b,T41 — T = b’T“ Ha kaxxnom npomexxkyTke npuMeHsieM (GopMyJy
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U CKJlaAblBaeM pe3yJ/ibTarT:

n—1
12708 ) (@1)
k=0
b—a
I'~ - f(@rt1) (22)
k=0
n—1
mb;“Zf(karb;n“) (23)
k=0
I~ bz_na <2Zf(xk) + f(a) +f(b)> (24)
k=1

Has cocraBHoit (opmysnbl CuMICOHa N YAOGHO B3sITb YETHBIM:[Zq, L), .. .,

2(b—a

[n—2,2,). Torna ajyp — zp = 209
obpeTaeTr CJaeNyIOLIMN BUL:

U cocrtaBHasi Qopmyna CHMICOHA MpH-

b—a n/2 (n—2)/2
Ie =\ fla)+ Y flem-1)+ Y floa) + f(0)
k=1 k=1

IlorpemHocTH KBaapaTypHbIX (opMy

b

€= fa R,,(z) dz. [NorpemHocTb 6yfeM UCKATb, UCMOJb3Ys MOJHHOM DPMHUTA.
OcTaTo4HBIH 4JjeH W.I. DpMHUTa HYJeBOH cTemeHH I/g 1 y3ja BBEINISAUT Tak:
Ro(x) = “572 f'(n). TorpeunocTd (hopMy/1 NPsMOYTrONbHHKOB:

b _ )2
o = [ (@ = anf e = U5 ) (25)
b _\2
o = [ = mas = -5 ) (26
b
e = [ o= S e =2 (21)

[Tpu BEIUKCIEHHH HCTIONb3YeTCS TEOpeMa 0 cpefHeM: J¢ € [a, b] : f: f(@)g(x)da =

b a+b
f(e) [ g(x)dx, ecnn g(x) 3nakonocrosinHa Ha [a,b]. M3-3a Toro, uto (z — %52)
MeHsleT 3HaK NpH Nepexofe uyepes Touky 2F? wurerpan (27) mo sToit Teopeme
MOCYNTATh HeJib3st. [IocTpouM HHTEPHOJIALMOHHBIH MoMMHOM DpMuTa 1 creneHu:

RO (oL B = VAEES) BCate o WO

2 2

Torma mpu UHTEpPrupoBaHUU HaA [a, b] mOMYUHM:

/abf(x)dx - (b—a)f(a;b) Y0+ e

IIOI'PENIHOCTh

TOYHOE 3HaYeHue dopMyna cpegHUX HPAMOYTOJBHUKOB
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_atb)?
[ne e = fab (QCQ—f)f”(n) dz. Torma, mo TeopeMe o cpenHeM:

b— 3
Ecp = %f”(n*)

Hns hopMyMbl Tpanenu# WCIONb3YeTCsl OCTATOUHBIN YJieH W.M. DPMUTA, MO-
CTPOEHHOTO 110 IBYyM y3JaM:

Rafa) = L0
P (x—a)(x — —a)?
= [ =D gy an = O g

To ectb hopmysa cpeqHUX NMPSIMOYTOJBHUKOB B CpelHEM B JBa pa3a TouHee (o-
PyMJIBl TpameLui.
[Tocunrtaem norpemrHocTs Gopmysasl CuMICoHA:

b r—a (E—a——% X —

ECumncona —
Teopemoii o cpenHeM BOCMOJb30BaTbCS HeJb3s, T.K. QYHKLUA & — “T“’ He 3Ha-
KOMOCTOSIHHA Ha [a, b]. AHa/MOrM4HO, MCMOJB30BaB MOJHHOM DpMHTa 3 CTEMEHH,
MOy YU M:!
(b—a)®

ECummcona — ~ T agon 2830 f(4)( )

IlorpemHocTH COCTaBHBIX KBaApaTypHBIX (hopmMyl

PaccmoTpum pasbuenue [zg, x1], [21, %2, ..., [Tn_1, Tn]. JIHHA KaxKmOrO NpO-
MeXKYTKa paBHa b*T“ Torna /it IPOMEXYTKA [Ty, Tg41] OCTATOUHBIN UJIEH UHTED-

. — )2 _
MOMIAUHOHHOrO MOMMHOMa dpMuTa paper AtLTr)l p/(yey — 0202 p1(5)) (15q

(OpMYyJIbI JIEBBIX MPSIMOYTOBHUKOB). OOI1iasi MOTrPelIHOCTh PaBHA CyMMe MOrpeL-
HOCTeH Ha KaXK/IOM IPOMeXKYTKe:

n —a)? —a) n —a
anp = 3 O iy = O 12 ) = O ey

2n?2 n 2n

Ipu sToM Hcronb3oBaicst TOT BakT, uto In € [T1,@y) : + 30 flar) = f(n),
T.e. HaHJeTCs TOYKA, Iie 3HaueHHe (PYHKLHH PABHO CPefHEMY apU(PMKTHUECKOMY
eé 3HaueHUH BO BceX y3/ax (IMCKPETHBIH aHaJor TEOPEMbI O CPELHEM).

[Tonyunnoce, 4to € ~ % IIpu 3TOM BBHIOOPOM 7 MOXKHO OOECHEeUHTb HYXKHYIO
TouHocTb. HegocTaTok 3akno4aeTcs B TOM, 4TO /15 NOJYUeHHUs ellé 0JHOro Bep-
HOTO paspsiia Hafo yBeauuuTh n B 10 pa3. AHajorndHo nmosydyaeM aJist pOpMYyJBI
MPaBEIX TPSMOYTOJbHHKOB:

b— 2
Emmp = _%f (7772*)

Jns hopMysel CpeAHUX MPSMOYTOJNBHHUKOB:

. (b — ) " (b B a)3 110 %% 1
Eenp = Z YPE (i) = Wf (np*) ~ —3» 1TO SHAUUTEJIbHO Jyullle
k=1
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[TorpewHocTs hopMyJibl Tpanenui:

b— 3 1) sk
%f (™)

Hnsa dopmyns CumrcoHa uMeeM Ha B 2 pasa MeHblee YHCJIO NPOMEKYTKOB,
Nno3TOMY AJrHa OyneT paBHa 21’,’7‘1. Torpa morpemrHoCcTb COCTABHUT:

v () 0P L

€Cumncona :Z —WJM)(U*) =T ooz Zf(4)(7775) =

Erp = —

k=1 k=1
n/2
(b — a’)5 1 (4 *
= Tsont w20 =
k=1
(b—a)

1
=0 ey L
13004 ™) i BOOGIIE MPEKPACHO

Boo6iue, nmo6as morpenHocTb MOKET OBITh TMPEACTaB/IeHa B CIEAYIOLUIEM BHIE!

(b—ay+t @

npkP

()

Ey =«
IIJIH OLIEHKH TOTPEIIHOCTU MO2KHO!:

1. OLEHHTb MOTPELIHOCTD 110 BBIBEAEHHOH (popMyse (PefKo HCIOJMb3yeTcs, T.K.
HaJ0 CUMUTATb MPOMU3BOAHYIO BBICLIErO MOPSIAKA B HEH3BECTHOH TOUKE 1) —
HaJ0 OLEHHMBATh CBEPXY 3HAUEHHe MPOHM3BOIHOH).

2. WCTOJb30BaTh KaKyH-AH00 COCTABHYK KBaIpaTypHyW (opMyny Ojs n H
2n ¥ CpaBHMUTb INOJYYeHHBble Pe3ysbTaThl. n yABaHUBaeTCs A0 TeX Iop, MoKa
pesy/bTaT He OyneT MoJydyeH ¢ HeOOXOAUMOH TOYHOCTBIO.

3. yMeHbLIaTh M B ABa pa3a U CPaBHUBATb C Pe3yJbTAaTOM I/ N B CJayyae,
€CJIM YABaWBaTh m Hesb3s (HanmpuMep, 3afiaHa (GUKCHPOBaHHAsi Tab/iuLa).

4. 17151 OHOTO M TOTO Ke 3HAaueHHs n CPaBHHUBATb Pe3y/bTaThl JBYX Pa3/JIHUHbIX
KBaZpaTyPHBIX (OPMY.I.

10 OOwmii moxxon K IOCTPOEHUIO KBaApPaTypHBIX
dopmyi

Bce mpocTsle KBaspaTypHble (OPMYJIbl YKIAABBAIOTCS B CJAEAYIONIYIO (OpMY-
Jay:

b s
JRECEEED SEIIEN (28)
a k=1

Ilpu s = 1,2, 3 nonyuaem o6ui BUA KBaApaTypHBIX (POPMYJI NMPSIMOYTONbHUKOB,
Tpanenui 1 CHMIICOHA COOTBETCTBEHHO. X}, — Y3JIbl KBaApaTypHOU (opmyibl, Ay
— Beca, M03TOMY BCero nmMeeM 2s mnapameTpoB. Hamo BeiGpaTh UX Tak, uTOOGbI
uHTerpas B (28) cuuTtalncs Kak MOXKHO 6oJiee TOUHO.

Bribepem Ay u xp Tak, uyToObl (28) Oblla TOYHOH AJISI TIOJUHOMA 3aLaHHOH
creneHu. Ecin nopbiHTerpasbHasi PyHKLHs XOPOIIO OMUCHIBAETCS TAKUM MOJHHO-
MOM, TO W HUHTerpas OyIeT XOpOLIO BBIUMUCJSATHCS, B MPOTHUBHOM CJydyae CJeayeT
UCIIOJIb30BATh COCTaBHbIE KBa#paTypHble (DOPMYJIBL.
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e f(x) = a — const. TloncraBum B (28):
d Ap=b-a (29)

o fx)=ax+fB==x

zs: Akxk 7172 — a2

S prtl _ gntl
Al = T
n
k=1
[Tonyuusu cucteMy OTHOCHTENbHO A W xp. [lajee pasHble aBTOPHI MO-Pa3HOMY
pa3BUBAJIH MOJNYYEHHYIO HIEIO.

KBagparypusie ¢opmyabl HeioTroHa-Koreca

OTU aBTOPbl paccMOTpesd Caydyal paBHOOTCTOSILIHUX Y3JOB Xk, IPH 3TOM IIO-
TepsB MOJOBHHY NapaMeTpPoB, HO MPoOpeTs c/efylollHe MPeMMylIecTBa:

1. JlerkocTb nporpaMMHpOBaHUS
2. JlerkocTb pelleHUst JMHEHHOH OTHOCHTENBHO Aj CHCTEMBI

3. Ilpu ncrnonb3oBaHWU cOCTaBHOH (POPMYNbl M yABOEHHUH 1 — 3HAHHE I0JIO-
BHHBI 3HaueHWH xj (rJ1laBHOE JOCTOMHCTBO)

Ilpu n = s — 1 ¢opmyna ToyHa AJst HmoJIMHOMOB cTenmeHu s — 1. Ilpu s =1
noJydaeM (popMysny NPsIMOYTOJBHHUKOB, S = 2 — Tpamneuuil u T.1.

KBagparypusblie opmyasl Yeobiména

Y Hero OBLI 3aKa3 — UCXOAHBIE TAHHBIE OBIIN ¢ GOJBIIOH MOrpelrHocThi0. Ye-
ObIIIEB MOMOXKUA Ar, = A = const, Torna u3 (29) cienyer, uto A = Z’_T“ n=s,
T.K. 1 ypaBHeHue He Hano pematb. OTHOCHTENBHO Tj CHUCTEMA SIBJISIETCS HEJIH-
HefiHo#. Hano uTo6bl MMesoch BelleCTBEHHOe pelleHHe Ha [a,b]. Okasasock, 4To
st s = 1,2...,7,9 peienre umeercs, a aias s = 8 — Hert. [losxxe BepHuireiin
J0KasaJ, uTo JJsi § > 9 3TuX QopMyJs HET (CHCTEMa He UMEET PelleHHs).

KBagparypusie opmyast Taycca (popmysbl HauBbICHIEH aJire-
OpanyecKoll CTeNneHH TOYHOCTH)

@DopMy/ibl HOCSIT Takoe Ha3BaHHe, T.K. Oosblle "BblKaTh' Hesb3sl. [ayce mc-
10J1b30BaJl BCe 25 apaMeTpoB, MOITOMY MO/yueHHble (POPMYJIbl BEPHBI 15 OJIH-
HOMOB cTerneHH n = 2s — 1. @opmyasl [aycca cyluecTBYIOT /151 JI060r0 3HAUEHHs
s.

Jlnsi Bcex ceMeHCTB KBaApaTypHbIX (OPMYJ HailIeHbl Y3Jbl o) U Beca Ay AJs
cTaHAapTHhIX mpoMexyTKoB ([0, 1] nnu [—1,1]). J1as NpOU3BOIBHOIO IPOMEXKYTKA
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. by b=
MOJIB3YIOTCS ClefyoWuME popmynamu: & = 22 + 229¢ e ¢ € [—1,1]. Toraa

npu t = —1x =a, npu t =1 x = b. Tlonyuaem:

b 1
b bob—
1:/ Flz)de = 2“/1f<“; + 2at)dm

b—a < at+b b—a
~ A t
2 ; ’“f( 2 T ’“)

11 ApantuBHBIe KBajapaTypHble (POPMYJIbI

[Tpennosioxum, 4TO HALO MOCUUTATh UHTETPas OT (PYHKILHHU, COAEpKallel Bbi-
COKMU W y3Kui "muk". Il ero omMcaHUsi HAJO UCIOJb30BAaTh MaJjleHbKUU Iar
Ha BCeM MPOMEXYTKe. AnanTuBHble (HOPMY/bl U3MEHSIOT 1ar, aIanTHPYsCh B BU-
ny ¢yukuuu. Hlar Bbi6upaeTcss MajbiM TaM, rie QYHKLHUS H3MeHseTcs ObICTPO
(T.e. obmamaet 6OJBLIONH MPOU3BOAHON), U GOJBIIUM TaM, rae QPYHKIUS MeHseTcs
MeJIJIEHHO.

Jlo6bemest 3a1aHHON TOUYHOCTH TIPY MUHUMAJIbHBIX 3aTpaTax.

— q)pt1
uf(p)(n)

Hnsa kBagpartypHoil hopmysel Hetotona-Koreca ¢ 9 yznamu p = 10.
[Ipennonoxkum, 4to Ha [a,b] HMeeTcst IPOMEXYTOK h;, I; — TouHOe 3Haue-
HHe WHTerpajsa Ha 3TOM NPOMeXYTKe, P’; — 3HaueHHWe HMHTerpasa, MOCUHTAaHHOE
Mo KBaapaTypHOU (opmyse, (J; — MOCUUTAHHOE MO KBaApaTypHOH cdopmyse MpH
pa3buenuu Ha 2 yuyacTka (T.e. ¢ ucrnoszoBHueM 17 Touek). [Ipu moctpoenuu Q)
YHCJI0 TOYeK n' = 2n YWC/Ia TOYeK, UCIO0Jb30BaHbIX NpH noctpoenun P;. Toraa:

Ey =
v np

I — Py = 2P(1; — Q)

PaBencTBO npubMMKEHHOE, T.K. CpeJIHHEe TOYKH AJIs 060UX (POPMYJI HE ONMHAKOBBL.
Bbipasum I;:
2°Qi — P

Ii=—F—— Li—-Q;=
2 —1 @

Qi—-PFP Qi—F
o —1 1023

[TpoMekyTOK h; cuHUTaeTCsl NPUHSATHIM (a HHTErpas Ha HeM — BBIYHUCJIEHHBIM),

Qi—Ps
1023

TO HEPaBEHCTBO MMeeT CJelyIOLUIHH BUA:

Qi — F;
1023

€CJaH

MeHbllle 3aJaHHOW BeJUUYHUHBI. Ecsn mosnb3oBaThest [IOrpelIHoCThIO,

h;
b—a

€A

[ne €4 — TpeGoBaHHe KO BCEMY NPOMEXYTKY, a b’l"asA — TpeboBaHME K OTHOMY

npomMexyTKy. [Ipy Hcrnomb30BaHUM OTHOCHTEJBHOH MOrPEIIHOCTH (popMysia UMeeT
CJIeAYIOUIMH BUL;

Qi — b < h; erlQil

R|Qi
1023 b—a

EnuHCTBEHHBIE HEAOCTATOK — MPH BHIYMC/IEHWH HHTErpaja, 3aHadeHue KOTOPOro

6s13K0 K 0 Takoil KOHTPOJIb MOIPEIIHOCTb MUBENET K BBIUMIEHHUIO ¢ MAaKCHMaJb-

Ho# TouHocThio. B mporpamme QUANCS wucnonb3yercss cMellaHHBIH KOHTPOJb
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TOrPeLIHOCTH:
Qi — P h;
1023 b—

[Tpu npubaukeHuH |@Q;| K HY/IIO NPOUCXOAUT MepeKJIUYeHHe Ha KOHTPOJb abco-
JIIOTHOH TIOTPELIHOCTH.
Bblunc/ieHue uHTerpasa INPOUCXOAUT CJeYIOWHUM 06pa3oM:

BricuuteiBaercss P; u (Q;. Pesynbrar cpaBHuBaercs. Eciv KOHTposib morperHo-
CTHU He TpOILIeJ, TO 3HAUE€HHE MHTErpaja Ha NMPaBOH MOJOBHHE 3allOMHHAEeTCs U
CHOBA CUMTAETCsl WHTerpas Ha JieBo# nojoBHHe. JleseHHe MPOmO/IKAETCs 10 TeX
nop, MoKa KpalHHUU cjieBa MpoMexyToK He Gyner npuHsT. [loTom obpabaTbiBa-
ercsi GMIMXKAUIINMN CrpaBa MPOMEXKYTOK. Takoe fAesieHHe MOMoJaM MPOUCXOAUT He
6osee 30 pas, mocse MHTErpaJ CYMTAETCS BBIYUCIEHHBIM, a YUCJIO TAKUX MPOMe-
JKYTKOB pacroJsiaraetcsi B ueJoit uactu nepemennoit FLAG. Hurepitec QUANCS:
QUANCS(FUN,A,B,EA ER,RES,EPS,NOFUN,FLAQG)

p maX{ER‘QiLEA}

FUN ums uHTerpupyemMoil yHKLHUU

A,B npenesnbl UHTETpUPOBAHUS

EA,EB a6coJsoTHast 1 OTHOCHTEJIbHASI MOTPEIIHOCTH

EPS oueHKa TOYHOCTH, BHINIOJHEHHAs] POrPaMMHO

NOFUN kosin4ecTBO BbIUHUCJIEHHH MOABIHTErPAIbHONU (DYHKIIUH

FLAG uenas yacTb: KOJUYECTBO MPOMEXKYTKOB, NMPUHATHIX C HapyLleHHEM KOH-
TPOJISl MOrPeIHOCTH. JIpo6Hasi yaTbh: HOMep MPOMeXKYTKa, Ha KOTOpoM "3a-
cTpsan”.

12 3apauya yuciaeHHoro audgpepeHIUpPOBaAHUS

PaccMoTpuM 3amauy HaxoXKAEHHUS MOM3BOLHOH (DYHKLHU:

x| f(x) | fl(=)
o | fo ?
1 fi ?
Tm fm ?

Ecin nBe QyHKUMH MOUYTH COBMAAlT, TO 00 HX MPOM3BOAHBIX TAKOLO CKa3aTh
Heib3si, Haripumep, pacemotpuM f(z) 1 g(z) = f(x) + L sin(n?z). Toraa ¢'(z) =
f'(z) +ncos(n?x), 1.e. npu n — co pynkuua g(x) — f(x), a eé npoussonHas —
net. [ToaToMy HameeMcst Ha TO, 4TO QYHKLHS He 3allyMJeHa — SIBJISETCS OTHOCH-
TeJIbHO IMIaKOH M 3ajiaHa C He CJIMIIKOM GOJbIIOH MorperuHocThbio. M3-3a 3Toro
y2Ke BTOPYIO MPOH3BOAHYI0 (DYHKLHH CUHUTAIOT OUEHb PEMKO.

O6was unesi Mmerona — AudhepeHLHPOBaHHE UHTEPIIOJSLUOHHOTO TT0JHUHOMA:
/ Y Y
flx) = Q) &= R, (z)
HauHeMm ¢ )1 ¥ paccMOTpUM C/yyall paBHOOTCTOSILIMX Y3JIOB:

r—x r—x
Qi(z) = =~ fo+ “h xp = xo + hk
o — T1 1 — X9
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Q' (x) = const, mosTOMY NoJyUaeM:

fi—fo
h

fi—fo
h

D10 — pasHble (OPMYJH, T.K. B OIHOM CJaydae GepeTcs c/lefylollas Touka, B

JIpyroM — MNpeaplaylas.
[TorpermHOCTb MOCUUTAEM C MOMOLIbIO OCTATOYHOTO YjieHa TOJHHOMAa DPMHTA:

f'(@o) (30)

f(z) = (31)

(x — zo)(z — x1)

() = 91

f"(n)

[Tonyuaetcs, uto norpewmwHocts dopmyn (30) u (31) onuHakoBa:
h
Ri(20) = —5 /" (1)

Ry(w) = o f"(n)

st Qo(x) mosmyunm:

1

7'(w0) = 57 (=87 (o) + 4f (@1) — fa2)

£/1) = o (FGea) = f(a))

(o) — 45 () + 35 (22))

fa2) = %

Torpewnocts (M3 Ro(z) = (x‘wo)(“’;fl)(l"“)f”’(n)):

h2

Ry(wo) = 51" (m) (32)
2

Ryn) =~ () (33)
2

Ry() = "o " (n) (34)

[Tonyuaetcs, uto (33) B ABa pas3a TouHee ueM ABe Apyrue. OnHaKo, UX TPUXO-
JUTCSl UCIMOJIb30BaTh B KPalHHUX ToukaX (B Hauajle ¥ B KOHIIE).
[Ipocrefiias gopmyna ajsi BTPOH NPOU3BOAHOM:

f”(xl) ~ fo *2h];1 + f2 _ AQ{LSEO)

BansgHue BBIYMCIUTEJBLHOU MNOTrpeIIHOCTHU HA TOYHOCTbH

CHoBa o0paTuMcsl K MpocTeilned Gpopmy.e:

- h
flaoyx Lo Ly
[Ipu mposepke 3Toil dopmynsl (moctpoenun e(h)) mnas f(xz) = sin(x), T.e. mo-
ctpoenun & = sin”(z) — fl;hf“ (peanbHOM MOTPELIHOCTH), MONYUYAETCS YTO MPH
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JIOCTATOYHO MajblX h [IEPENOoJIHACTCA pa3psAHass Ce€TKa W MOTPEIIHOCTb PE3KO
YBE€JHUYUBACTCS.
OnTuManbHBIHE Al — TakKoe h, pHh KOTOPOM 3TH MOTPEUIHOCTH PaBHBI, T.K.:

h
A< 3| +

€1 —¢€o

h

13 CpenHekBaapaTHYHasi anmpokcuManus (IUCKpeT-
HBbIA CJIy4ain)

PaccMoTpuM Hekylo (QyHKIMIO (HanmpuMep, 3KCIePUMEHTAJbHBIE TaHHBIE), 3a-
NAHHYIO TabJulel.

Kax ysHaTb, 4TO 3TO — MOJHHOM WJM NpsiMas? ANNpPOKCHMUPYEM C HCIOJb-
30BaHHEM CpeHEKBaipaTHUHOro Kputepus 6sausoctu (35):

m

Qm(x) = Z arpr(x), e ¢, — 3ananubil Habop JIH3 dbyukumi
k=0

n

P = (Qulws) — f(x:))? (35)

i=1

Byzem BbIOMpPATh ax Tak, YTOGHI BeJHUMHA p> GblIa MUHMUMAJbHOM, TOTA [I0JMy4YHM
CUCTEMY ypaBHEHHH:

o _

=0 k=0,1,2,...
3ak )y Sy , M

Tyr m + 1 Ko3hPULHEHTOB U N 3KCIEePUMeHTaNbHbIX TOYeK. BO3MOXKHEI CJlenylo-
LIMe BAPHUAHTHI:

l. n = m + 1. Peuwenrem 3anaun sIBASETCS WHTEPIOJSLIUOHHBIE TTOJHHOM,
pellleHHe eIHHCTBeHHoe, min(p?) = 0 B ysaax.

2. n <m+ 1. min(p?) = 0, peweHn#t GeCKOHEYHO MHOTO.

3. n > m+ 1. OueHb yacTo ObIBaeT, uTO N >> m + 1, Torga cHoBa MojydyaeMm
e[IMHCTBEHHOe pelueHue, HO min(p?) # 0 B obleM cayuyae.

YacTo BaXKHO yuyecTb TO, UTO pa3iHyHble TOUYKH H3MepPEeHbl C pa3JUYHON cTele-
HbIO TOYHOCTH (KCIOJIb30BAJICS Pa3NHUHbIH AHANA30H, HANIPHMep), 03TOMY YA00-
HO BBECTH BeCOBble KO3((HUIIUEHTHL:

p* = Zpi(Qm(ﬂfi) — f(z:))?, P;>0
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Te ToukH, K KOTOpBIM JOBepUs 6oJblle, UMeIOT OoJiblllee 3HaueHUe P;
Haiinem aj mpu KOTOPHIX p? MHHMMAa/bHO:

2 n
ngk =0=2) P(Qn(@) = f(z)) - prla)

Tk Qm(z) =241, anpr(a), 10

GJOZPﬂDO(xi)wk(xz) + - +amzpﬁﬁm xz QDk xl pr T @k(zz)

=1 =1 =1

Ilpu k£ =0,1,...,m nomydyaem m + 1 ypaBHeHHe ¢ m + 1 HEM3BECTHBIM.

14 CpemHekBagpaTMyHas anmnpokcumauusa (Hempe-
PBIBHBIN CJIy4ai)

PaccmoTpuM HempepeIBHBIN coyuai:
b
f@), v elabl Qu Zam 0= [ p@)Quo) - @)

[ne p? — ¢ynxua wrpada, ecay Bee TOUKH 3KBUBAJEHTHBI MO JOCTOBEPHOCTH,
10 p? = 0. 3ajaua npexHas — MUHMMHU3AaUMA QyHKUMM wTpada. Heobxonumoe
yCJIOBHE 3KCTpPeMyMa:

ap2 b
o —0=2 [ p@)(@nla) - F@))orle) do
Qg a
Hna k=0,1,...,m nonydaeM m + 1 ypaBHeHHe C m + 1 HEH3BECTHBIM:

b b
ao/ p(x)po(2)pr () dﬂf+~~+am/ P(@)pm () pr(z) dz =
a a (36)

b
- / p(2) (@) pr() da

Ho moxHO mosyuuTth ag,ai,...,a,, He pelias CHCTeMY, eCad (QyHKUHH @ (x)
SIBJISIFOTS OPTOTOHAJIbHBIMH.

[TocnenoBateibHOCTb (YyHKUHH {@k(x)} Ha3bIBaETCSI OPTOrOHANBHOM Ha [a, b]
¢ BecoM p(x) ecqu:

’ i
[ p)enarente) o = {?4> , o

OproroHa/bHasi MOCAEI0BATENbHOCTh HA3BIBAETCS HOPMHPOBAHHOM, eciu A =
1. Torna, ecanu {@i(x)} oproHopmupoBaHa, TO B JeBo# yactu (36) Bce Koapdu-
LMeHTH KpoMe ofgHoro obpamatorcest B 0. Torna sierko HalTH ay:

b
_ Jap@ ( ) da
f p(x)p?(x)dz
PaccmotpuM npomexyTok [0, 1] u cpk(x) =P =1,2,22,23,.... dra cucrema

He SIBJISIETCS OPTOTOHAJIbHOM, HO €€ MOXKHO CHeJaTh TaKOBOH, HUCIIOJbYIO MpoLe-
nypy opToroHanusauuu I'pamma-IlImunra.
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15 Oproronanusanus no HImuary

3adurcupyem [a,b] u p(x). Pacemoropum cucremy JIH3 dyukumii {pg(z)},
rae k € 0 : m. Hano nosyuuts ciucTeMy OpTOroHasmbHbIX QYHKUKE go(x), . . ., gm (),
KOTOpble Obl BJS/UCH JHeHHOU KOoMOHHaLKeH (DYHKLUHUH HCXOAHOH CUCTEMBL.

Ha k ware gi(x) momxHa ObiTh MOCTPOEHA TaK, YTOOBI ObITH OPTOrOHAJNBHOMH
BceM (DYHKLHSIM, NOCTPOEHHBIM 10 Heé. §i(x) — OpTOroHasbHbIE, HO He HOPMHU-
poBaHHble (DYHKLHH.

BosbMeM go(x) = po(x) — yxke oproroHanbHas. Hopmupyem:

b
/pm%mm:%>o

Tenepb Bo3bMeM go(l“) = g‘iff)~

ITo WHAYKIOHWHW JIETKO [MOKa3aThb, UTO Ha m LIare UMeeM:

m—1

Gn(@) = Pn(@) = 3 Couigi(a)

k=1

JomHoXuM Ha g;(x) - p(x) AJAs MOJyUeHHUs] OPTOrOHANBHOCTH M MPOUHTErpPUpPYeEM:

b 6 b
/pw%mwmm%nzfpm%wMWM—@n

Cni — BCE, UTO ocTaHeTcsl OT cyMMHbl (npu k = 7). Beipasum ero:

b
c%:/pm%mmwm

Tenepb HE0OXOAMMO HOPMHPOBATE!

b g
t/p@ﬁi@ﬁmzaiﬂgm:

IIpumepsl OpTOroHAJbHBIX MOJMHOMOB

XapakTepuctka nosuHoma — p(x). TIpomMexkyTOK MOXKHO BbIGpaTh J11000H C
MIOMOLLBIO 3aMEeHBl MepeMeHHOH.

1. OproronasbHbie monunombl Jlexaunnpa: [—1,1], p(x) = 1. das uux copa-
BENJIHBO CJEAYIOLINe PEKKYPEHTHOE COOTHOLIEHHE:

(m+1)Linq1(z) — 2m + )Ly (z) + mLpy—1(x) =0

Lo(CL‘> =1
Li(z) ==
[lpu m = 1 noayyaem Lo(x) = 37”22;1 Bce uéTHBIE MOMMHOMBI COfEpKAT

YeTHbIe CTEeIleHH T, HEUYETHble — COOTBETCTBEHHO HEUYETHBIE.

OTU MOJUHOMBI SIBJASIOTCS OPTOTrOHaJIbHBIMH, HO HE HOMHUPDOBAHHBIMH.
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2. OproroHajbHble nojuHombl Uebbimiésa: [—1,1], a p(z) = \/1;—7 T.e. Kpa#-

HHe TOYKH OecKoHeuHO "HafexkHHI', a cepennna umeetT p(0) = 1. [TosmuHoM
UeOpIIIEBA BBIMVIIAUT TaK:

Ton(z) = cos(m arccos(z))

T()(,CE) =1
T (z) ==

[TosyunM peKyppeHTHOe COOTHOLIEeHHe A5 MoJarHOMOB YeGbILIéRa:
cos(m + 1)p + cos(m — 1) = 2 cos ¢ cos mp
[ToxcraBum ¢ = arccos(x):
Tont1(2)+Tm—1(x) = 22T,,(x) — cHOBa pa3HOCTHOE ypaBHeHHe 2 MopsiaKa
BuaHo, 4TO fasibliie HUYEro KpoMe MONMHOMOB HUYEro He MOJyUYHM:
Tnt1 () = 22T () — Ty (2)

I[anee noJiydaeTcss aHaJOru4HoO MOJHHOMaM Jlemaﬂupa — TIOJIMHOMBI UE€T-
HOH CTemneHH comepxkar YETHBIE CTEMEHU X:

To(x) =22% -1
Ts(x) = 423 — 3z

Ecau noctpouts |71, (x)| Ha [—1,1] To BHOHO, YTO ONTUMAJbHEIM BEIGOPOM
y3JI0B UHTEPIOJUPOBAHUS SIBJSETCS BbIOOP B HY/IAX MoJrHOMAa UebbiléBa.

16 Marpunbi. CoocTBeHHbIE 3HAYEHUS U COOCTBEH-
Hble BEKTOPBI

Marpuueit Ha3biBaeTcst TabnULA M X N

a1 a2 . A1n

a1 a2 ... Q2n
A=

am1 Am2 oo Qmn

Matpuna X = A~! (1.e. aBasercs obpaTHoii), ecin AX = E, rne E —
eNMHUYHAs MaTpHULA.

CoOcTBeHHBbIEe 3HAUEHUS M COOCTBEHHBIE BEKTOPbI

A u X, ynoBJeTBOpsIIOLIME CleNyIOlleMy YpaBHEHHIO, Ha3bIBAOTCA COOCTBEH-
HBIMH 3HaYeHUSIMH U COOCTBEHHBIMHU BEKTOPAMH MaTpHLbl A:

Ax = \x

HyJsieBble coGcTBeHHbBIE BEKTOPbI HAac He HHTepecyioT (pu |[A—AE| # 0), Haxonum
A 1 X Y XapaKTepHUCTHUECKOTO ypaBHEHHUS:

A= \E| =0
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3agaum Ha MaTpPULbI

L.

2
3.
4

10.

(A-B)T = BT . AT
(AB)"! = B~14~1
(AT)—I — (A—l)T

. YMHOXeHHe IHaroHaJbHOH MaTpHIbl cJeBa Ha MaTpully A NaéT yMHOXKEHHe

KaxX 101 CTPOKH A Ha COOTBETCTBleI_L[I/Iﬁ IMaroHaJbHBIH 3JIeMeHT auaro-
HaJIbHOM MaTpHLbL.

YMHOXKeHHe [IHaroHajbHOM MaTpUIbl CIIpaBa Ha MaTpuly A HaéT yMHO-
JKeHHe KaxKJoro crosibéua A Ha COOTBETCTBYIOIIMH NHArOHaJbHBIN 3JIeMeHT
JMaroHajJbHOH MaTpPHLIHL.

HpI/I NEPEMHO2KEHHH JIEBBIX UJH MPABBIX TPEYTOJbHBIX MATPHUILl MOJJYyHaeTCA
MaTpula TOro xKe BHIA.

O6partHas MaTpulla AJs TPEYroJbHOH eCTb TPEyrosbHas MaTpHLa TOTO Ke
BHUJIA.

CoOcTBeHHbBIE 3HAYEHUS JIHaroHaJbHOK MaTpULbl PaBHBI e€ NHaroHaJibHbIM
3JIeMeHTaM.

CoOcTBEeHHbIE 3HAUEHUS Tpeyl"OJ’[bHOﬁ MaTpPULbl TAKXKE PABHBI e€ 1uaroHaJib-
HBIM 3JIEMEHTaM.

CyMMa COOCTBEHHBIX 3HAYEHUH paBHa CyMMe AHaroHaJibHbIX 3JIEMEHTOB, a
NpousBeIeHHE COOCTBEHHBIX 3HAYeHHH PpaBHO OIpeaeauTe/ 0 MaTPHUILbL.

Hopma matpuiibl

HOpMOfI MaTpUllbl Ha3blBaeTCAd YHUCJIO, YIOBJETBOpAIOIIEE CAeAYIOIIUM aKCHO-
MaM:

1

>~ W

Hop

Al =0 (k. [JA]| =0 A =0)
- NleAl] = laf - []A]

A+ Bl < [|All +[[B]|

- IABIL < [lAll- (1Bl

Ma Ha3bIBaeTCAa KaHOHHQECKOfI, €CJIK OOIOJIHUTEJbHO BBIMOJHAKTCA CJACAYHO-

iMe ycJjoBHUA:

1
2

- A[] = fas;]

- laig| > 1biz], 1o [[A]| > [|B|

HauGosee nony/asipHbIMU SBJSIOTCH CJeAyIOLIMe KAHOHHYeCKHH (DOPMBI:

1
2
3

. \|A||1:maxi2k:1"\aik|
. \|A||11:maxi2k::1"\aki|
MAN =V Y laar?

OrHolleHHe MexXy HOpMaMH 3aBHUCHUT OT KOHKPETHOIjI MaTpULbl U B ob1IeM cJaydae
CKa3aTb, YTO KakKas-TO HOpMa 6oJblIe Z[pyTOIjI HeJlb34.
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MartpuyHbI#A pAg ¥ €ro CXOAUMOCTh

Pn(A) = aoE + a1 A+ -+ + apy A™ = Y10 ap AR (tme ay — ckansipble
BesuuuHbl). [IpH m — oo mosiydaeM CTENEeHHOH MaTPUYHBIH P

P(A) = i ap A (37)
k=0

ManH‘{HbIIjI psAn CXOOUTCsd, €CJH CXOOATCA BCe 7’L2 CKaJJsApHBIX PAOOB OJIA 3Jie-

meHToB Matpuubl P(A). Yxke mis n = 10 TSXKeJO CYUTAThb, MOITOMY HAXOIASAT
MaXKOpaHTHBIA psin (OUEHKY cBepxy). Ero cxomuMoCTb siBJISIETCS MOCTATOUHBIM
YCJIOBHEM CXOAMUMOCTH MCXOLHOTO psiia.

Anement psiga (37) 6ymeM 0603HayaTh Tak:

(k) _ k
Uij —akAij
Torma o cxomumocTu psiga (37) MOXKHO cymuThb 1o ||A||:
o k o k nom.Al e A2
1P (A) = DU <SP <D lanab|| =
k=0 k=0 k=0

oo
= lalll A < D JanllAl
k=0 =0

T.e. nocratounsil psn cxonures npu ||A|| < R. Ecnu MaTpuuHbIH pAL CXOLUTCH,
TO ero cyMMa fIBJsieTCsl MaTPUUHOM (PYHKUeM:

A
e’ = — R=o
!
= k!
> (_1)kA2k
cos(A) = L7 R=00

=2~

> 6.
(E—-A)~' = ZA’“ R=1 —||4]| 271 s cxonumocTy

E
I
o

17 7 TeopemM 0 MaTpUUYHBIX (PyHKLIUAX

Martpunsl A v B Has3biBaloTCS IONOOHBIMH, €CJIM HaleTCsl Takask HeocoOeHHast
S: B=SAS"1.

1. TlogoGHBIE MaTpULbl UMEIOT OJUHAKOBLIE cOOCTBEHHbIE 3HAYEHHS.

det(B — A\E) = det(SAS™ — ASS™!) = det(S(A - A\E)S™!) =
= det Sdet(A — AE) det S™! = det(A — \E)

2. Marpuunble (yHKLKMH ONOOHBIX MAaTPHUIL TIONOOHBI, T.e. ecau B = SAS™!,

10 f(B) = Sf(A)SL.

F(B) = Y aB* =3 sAks = 8 <i akA’f> St = SF(A)S~!
k=0 k=0 k=0
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3. Ecan cobcTBeHHble 3HAaueHUs] MaTpulbl A pas/nuHbl, TO OHa MOfOOHA AMa-
rOHa/lbHOH MaTpHle, Ha JUaroHase KOTOPOH CTOSAT COOCTBEHHble 3HaYeHHs
3TOH MaTpHLBL.

Marpuna A vMeeT coOCTBEHHBIE 3HAUEHUs A; ¥ COOCTBeHHBle BeKTOopa Uj.
Torna U = (U1 Uz ..U, ) — MaTpHLa COOCTBEHHBIX 3HAUEHHH.

A1 0
A2
A= A3

0 An
def _
Tx. A Uy = MUk, 10 A-U = (MU X2Uz ... A\uUy ). JlomHOXKas Ha U1
ClipaBa U CJieBa COOTBETCTBEHHO, MOJYYUM:

A=UAU"' — uro u TpeGosasoch n0Ka3ath

U TAU = A

4. MarpuyHble (GPYHKIHH OT OMHOH U TOH e MaTpHLbl KOMyTHPYIOT: f(A)g(A) =
g(A)f(A). A =UAUL. Torna f(A) Z UF(MUL, g(A) = Ug(A)U!
[TepemHoxUM f 1 g:

f(A)g(A) =UfF(MNU T UgNU =UF(A)gMU

[IpousBenerne nHAaroHaJbHBIX MaTPUL — MPOHU3BEIEHHE HX AHArOHaJbHBIX
3/1IEMEHTOB, M03TOMY ToMeHsieM MectaMu f(A) u g(A):

Uf(M)g(MU™! = Ug(M)fF(MUT! = g(A)f(4)

5. Ecan y matpuusl A co6cTBeHHble uncaa Ag, 10y f(A) — f(Ar)-
AZUAUY. o T2 nmeen f(A) = Uf(ANU, rae

Z;io O‘Ic>\]1C i 0

> Dm0 kA3
(M) = 3 aph = | -
k=0 -
0 >0 QkAg
f(M) 0
B f(A2)
0 f(An)
Torna f(A) = U(f(gl) f((;\n))U_1 v no Tl oHH HMET OfMHAKOBBEIE COO-

CTBE€HHbIE€ 3HAQUYEHHS.

U3 sto#l Teopembl cienyer:

a Marpuunast dynkuus f(A) cyllecTByeT Toraa U TOJNbKO TOrAa, KO-
rla CyLIeCTBYIOT CKaJisipHble Psiibl Ha AuaroHase matpuusl f(A). A
3TU PSAAbl CYIIECTBYIOT TOTAA M TOJBKO TOTZA, KOTZA BCe COOCTBEH-
Hble yucaa Matpulsl A MeHblle R, T.e. [A;x| < R. D10 HeobXonuMoOe U
JOCTaTOYHOE YCJOBHE CXOJMMOCTH MaTPHUHOrO psija.
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[|A|]| < R — moctaTo4yHOe ycJIOBHe
[A\k| < R — Heo0XoouMOe W NOCTATOYHOE YCJOBHE

} = [l < |4l
6. Teopema ['amusbrona-Kasmu:
Jlro6ast MaTprLa yIOBNETBOPSIET CBOEMY XapaKTePUCTHUECKOMY YPaBHEHHIO.

det(A—AE) =Q(\) = apA" + o A" 4+ 4+, =0

Ecau BMecTo A moacTaButh A, T0 Toxe nosydum 0 (HO yKe He CKaJsPHbIi).
[lo T3 umeem A =UAUY, o T2 — Q(A) =UQ(NU!

QA1) 0

A
Q) = A" + -+ + a, B = @) § —0

Orciona caenyt, uto Q(A) = 0.

7. ®opmyna Jlarpanxa-CusbBecTpa.
PaccmoTpum MaTpuiy A U eé cOOCTBEHHBIE YHCAA A1, Ag, ..., Ay, Jas f(x)
MOCTPOUM HHTEPOMSALUHOHHBIN noanHoM Jlarpauxka (Q,—1(x)) ¢ ysnamu
MHTEPIIOJUPOBAHUST B TOUKAX, PaBHHIX COOCTBEHHBLIM 3HAYEHHSIM MATPHUIIbI
A. Torpa:

w(x)

Roea(@) = 220 @), w@) = (@ =M@= o)+ (@ = An)

T.e. w(x) — xapaxTepuctuuecknit nosuHom ajst marpuusl A. Toraa, mo T6
w(A) =0u R,_1(A) = 0. [Nonyuaercs, uto f(A) = @n—_1(A). Boipasum
f(A):

Z”: (A= MNE)--- (A= X 1 EY(A= M1 E)--- (A= \E)

Ak—xl 5 VAN VY T WS VY By Wy w R A

k=1

18 Pemenue cuctem JUHENHBIX TUdPepeHInATbHBIX
C MOCTOSTHHOW MaTpullen

d
= At f(1), @(0) =20 (38)
3mech © — BeKTOp pelueHusi, A — mMocTosiHHasi KBajpartHas marpuua, f(t) —

3a7laHHasl BeKTOP-(PYHKLMS.

1. f(t) =0, 1e. 2’ = Az. Torna, no ananoruu (z(t) = ce® nas cayuyas,
Korna A — ckansp) nonydaem, uto z(t) = Ce. B s310M Jerko y6emuthes,
npopuddepeHnnpopas et
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2. f(t) #0. Torna peruenue GymeM UCKAaTb B BHAE
z(t) = C(t)e’ (39)
[TopcraBum ero B (38):
At C(t) + T (1) = A C(1) + £ (1)
C'(t) = e M f(1)

[TonctaBuM nosyueHHoe BblpaxkeHue B (39):

() — C(0) = /0 A=) f(r) dr

Eciu t = 0, 10 290 = E - C(0) u C(0) = zo. Torna (39) npuobperaer
CJIeYIOUIMH BUI;

t
z(t) = eMro + / eA(tfﬂf(T) dr
0

PemeHnune cucrem JUHEUHBIX PA3HOCTHBIX YPABHEHHU C MO-
CTOSIHHOW MaTpuLein

Tnt1 = Bxy, +o(n), x(0) =9 (40)

3/ech x — BeKTOp pelieHusi, B — mocTosiHHasi KBajpaTHast MaTpuua, ¢(n)
— 3ajiaHHasi BEKTOP-(YHKLHSI.

Haynem pewmathb nomaroBbiM METOAOM:

x1 = Bxo + o
xy = Bz, + @1 = Bx? + Byo + 1
x3 = Bry + 02 = B xg + Bpo + By + 02
[To UHAYKUKMH TOJyYaeM, 4To:
n—1
Typ = B"xo + Z B¥,_;_1 — TouHoe perenue (40)
k=0

PaccmoTpum BaxHBIH caydal: ¢, = d = const Torna no T4 umeem:

n—1

> Byp=(E-B")(E-B)™"
k=0
19 YcroiuuBocTh pemeHuil nudgepeHUnaNbHBIX U
PA3HOCTHBIX YpaBHEHUM

PaccmoTpuM cucteMy HeJIMHeHHBIX ypaBHeHHH (f(t, ) — y»Ke He IPOHU30BJb-
Hasi PYHKIHS):
dx
i flt,x), x(to) =xo (41)
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ByzneM paccMaTpHBaTh yCTOHYMBOCTD peleHu# (41) Mo OTHOLIEHHIO K U3MeHEeHHUsIM

B HauanbHbIX yeaoBuax. 3a () (t) o603HaurM k KoMnoHeHTy BekTopa x, 32 y(t) —

npyroe petenue (41), ornuuarorieecs ot 2(t) Haua pHBIMU yCa0BUAMH: Y(to) = Yo
Pemenue 2(t) cucrembr (41) HasbiBaeTCst yCTOHUUBBIM MO JIAMYHOBY, ec/u

(Ve > 0)(30 > 0)(Vy(t))([lzo — woll < 6) = (ll=(t) —y(@B)I| <e)

Ecsn ¢ npuHanexuT KOHEYHOMY MPOMEXYTKY M pelieHHe x(t) Ha 3TOM NpoMe-
JKYTKe OrpaHHUeHO, TO 3TO YCJIOBHE BBINOJIHSETCS NPaKTHYECKH BCErJa, M03TOMY
HauOOMBLINE UHTEPEC NPEeACTaBISAET MOBefeHHEe PeIleHus MpH ¢ — oo.

Pemenue z(t) cucremsl (41) HasbiBaeTCsl aCCHUMNTOTHYECKH YCTOHYHMBEIM T10
JIanyHoBYy, ecsu

Jim (y(t) — (1)) = 0

AHasorHuHble ONpeneseHUs] MOXKHO BBECTH M JIJIsi CUCTEM Pa3HOCTHBIX ypaB-
HEHUH NepBOro NopsaKa: Tyt = F(n, zl). Bce onpenesnenust 6ynyT NMeTb MecTo,
TOJIBKO t — n.

YcroitunBocth pemenuit CJIIAY ¢ nocrosHHON MaTpulen

dx
i Ax + f(t) (42)
TouHoe pemenue (42) umeer BUI:
t
a(t) = eMag + / e f(r)dr (43)
0
t
y(t) = eyo + / e f(r)dr (44)
0

Brrutem us (43) (44):

2(t) — y(t) = e (z0 — yo)
JINs BBLINOMHEHHUs YCJOBHsS YCTOHYMBOCTH 3JeMeHThl MaTpuubl ed? mpu ¢t — oo
JIOJKHBI ObITh OTPAHUYEHHBIMH, a /s BHIIIOJHEHHS YCJIOBUS aCCHUMITOTHUECKOH

yCTOIZ‘-IHBOCTPI 9TH 3JIEMEHTDBI NOJI2KHBI CTPEMUTLCS K HYJIIO, T.€ €At — 0.

t—o0

PaccmoTpum cutyauuio, Korna Bce coOCTBeHHble 3HAUEHMS pas3jnyHbl. Toraa:
n
oAt 7 Z T et
k=1

T}, He WMeeT OTHOIUEHHs] K BUAY (DYHKLMH, 03TOMY e ! onpenensieT MoBeeHHe

npu t — oo. dnementsl e! GymyT orpanuueHHbiMH, ecau RN, < 0. Yenosue
aCCHMIITOTHYEKOH ycToHuuBocTH RNy, < 0.

B caydae, ecain Ay uMeeT KPaTHOCTb S, TO B PeIIEHHH MOSBJISETCS COCTABJIA-
owas Py (t)e*?, rie Ps_; — nonunom crenenu (s—1). Ha accumnrotuueckyio
YCTOHUMBOCTb 9TO HHKaK He MOBJIMSET, @ O NIPOCTO YCTOMYHBOCTH TAKOr0 CKa3aThb
HeJIb3.

Taxum o6pazom, He0OXOIMMOE U JOCTAaTOUHOE YCJIOBHE aCCHMIIOTHYECKOH YCTOH-

YUBOCTH BBITVIIIUT TaK:
R\ < 0VE

Peuienue 6yner ycroitunBo, ecid RAp, < 0 U ajasg cOOTBEHHbIX 3HAYEHHH C
HYJIEBOH BellleCTBEHHOH 4acTbi0 HEeT KPaTHbIX.
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YcroitunBocts pemenuit CJIPY ¢ mocrossHHON MaTpuuein

PaccMOTpuUM CHCTEMY Pa3HOCTHOCTHBIX ypaBHEHHMH:
Tnt+1 = Bz, + p(n), z(0) = g

U €€ pelleHus:

n—1

Ty = B"xo + Z B*¢, -1 (45)
k=0
n—1

Yn = Bnyo + Z Bk@n—k—l (46)
k=0

Boiutem us (45) (46):
Ty — yn = B" (20 — yo)

Jns ycTolunBOCTH HeoOXOAHMO, uTOObl 3JeMeHTh B™ mpu n — oo ObLIU Obl
OrpaHUueHBbl, a /IS aCCHMITOTHYECKOH YCTOHYHMBOCTH OHH JOJKHBI CTPEMHTHCS
K HYJIO.

B":Ejk:l%%w

Heo6xonromoe i 1ocTaToOuHOE YCI0BHE aCCHMITOTHYECKOH YCTOHUHBOCTH: | Ak | <
1 Vk. dns ycrodunBocTH Hano, 4tobbl |A;x| < 1 ¥ msi COGCTBEHHBIX 3HAYE€HUH C
|Ai| = 1 He GBLIO KpaTHBIX.

C/ieflyeT 3aMeTHUTh, UTO U3 YCTOHUHBOCTH OrPAaHUUYEHHOCTb He CJEMYeT.

20 Meron I'aycca u siBN1eHUe MJIOXOM 00YCJIOBJEH-
HOCTH

PaccmoTpum suHeRHY0 cHCTEMY
Ax =B (47)

Ecan det A # 0, To ¥ = A~!B. CymecTsyer nBe Ipynmnbl MeTONOB pelleHHs
TaKHUX CHCTEM:

1. TouHBle: B OTCYTCTBHE OLUIMOOK OKPYIJIEHHS] 32 KOHEUHOe YMCJIO apU(pMeTH-
YeCKHX ollepallil faloT TouHoe pelleHue. [Ipumep: meton Taycca.

2. UTEpAlHOHHbIE. B XOOe UX TNPUMEHEHHSA POXKAAETCHdA IO0CJAeN0BaTEJbHOCTDb
BEKTOPOB, CXOAAUIUXCA K PEUIEHHUIO.
fIBneHnEe MI0X0N 00YCJIOBJIEHHOCTH

Namenum HemHoro A u B. Ecin Manoe n3MeHeHHe MCXONHBIX AaHHBIX TPH-
BOIMT K CHJIbHOMY M3MEHEHWIO DEIIeHHs, TO TaKas MaTpHLa Ha3blBAETCSs ITJIOXO
00yC/IOBJIEHHOH.

32



1. Paccmorpum Bo3mylieHus: B BeKTope B, T.e. b+ Abu x + Ax:
A(x + Az) = B+ AB
Bueiutem us Heé (47):

AAz = Ab
Az =A"'AB (48)

[Tepemuoxum ||47|| u ||48|| u pasmenum pesyabrat Ha ||z|| - || B]|:

[|Az| |AB]|
_ < cond(A) e
||| | Bl
—— ——
IIOTP. Pe3yJibTaTa HOrp. UCX. JAHHBIX
[ne cond(A) = ||A]| - [|A7|| — uucao obycnoBnennoctu (Ko3(ppuIeHT

YBEJUYEHUSA HOFpeHJHOCTI/I).

BBopdaT u npyrue uncsaa o6yc/0BJEHHOCTH, HAPUMED :

|>\k|max
k(A) =
( ) |)\k:|min

Ecin k(A) > 1, to A — mJoxo obyc/oB/eHHass MaTpuua (¢ GOJbIIMM
pa3bpocoM MomyJed cOOCTBEHHbIX 3HAYEHHI).

Jlerko mokasatb, uto k(A) < cond(A) (mo cienctuto uz T6): |Ag|max <
||A||. Torna mo T5 marpuua A~! uMeeT coGCTBeHHble YHCsa _\A_lxcl' [Tpu

3TOM < ||A7Y||. TepemHoxas, nonyuyaem:

1
[Ak|min

|>\k|max -1
< ||A]|-||A
By < |IA[] - []A77]

2. PaccmoTpuM morpemHocTs 3aaHust HeXonHo#H Matpulsl A: A+AA: Boiutem
us (A+ AA)(x + Az) = B (47):

AAz + AA(x + Az) =0
Ax = —A_lAA(x + Ax)
B3siB HOpMY, TOJYYHM:

||Az]|
||z + Ax||

AA
< cond(A) |||A||||

[Tosoxkenue 1: MakcuMmasbHble 110 MOAYJIIO JEMEHTHl MATPHULBI UMEIOT BeJHU-
YHHY TOPSAKA |Ak|max MM MPEBBILAIOT 3TY BedauuuHy (mo caenctsuio usz TH):
|)‘k|max < ||A||

[Tosoxkernue 2: CoGCTBEHHbBIE 3HAUEHHSI MATPHULIBI MOTYT MEHSIThCS HA BEJUYH-
HY TIOpsiiKa 3JIEMEHTOB MaTpHilbl BoamylueHust (A : A\g, A+ AA : A\ + A). Ha
[PaKTHKE TO MOJIOXKEHHEe OUeHb YacTO HMEEeT MeCTO.

Martpuisl ¢ 60/bIIHM pa3bpocoM MI0X0 06YCJOBJEHH, T.K.:
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1. DnemeHTH MaTpulibl A 3afaHbl C MOrPeLIHOCTbIO J. Torna MakCHMaJsbHBINA
3JIeMeHT MaTpulbl AA HMeeT BeJTHYHHY NOPAAKA O|A;j|max, T-€. BEIHUHHY
nopsifika O] Ak |max WK Godiblie (0 mosoxkeHHo 1).

2. B cOOTBETCTBHH C MOJMOXKEHHEM 2 Ha BEJHUUHY 0| A |max MOTYT H3MEHHTHCS
Bce COOCTBeHHble 4ncaa Matpuibl A: Ap = 0|Ag|max. MakcumasbHble Mo
MOJy/Jib COOCTBEHHbIE 3HaYeHHs MATPUILbl MPAKTHUECKU HE U3MEHSITCS, a a
MUHHUMAaJbHble MOTYT HU3MEHUTbCSI JOCTATOYHO CHJIBHO.

3. Marpuue A~! cOOTBETCTBYeT MaKcHMaJbHOE COOCTBEHHOE UMCJIO ﬁ

M03TOMY 3JieMeHThl MaTpHibl A~! ToxKe MOTyT CHJIBHO H3MEHHMTHCS, U CJle-

JOBaTeJbHO, CHJIbHO MOXKET U3MEHUTBCS pellleHHe x*.

OnucaHHast cuTyaluus OyIeT MPOsIBJASTHCS TEM OCTpee, ueM 0oJiblie pazdpoc Mex-
Ny COOCTBEHHBIMU 3HaueHHsMU MaTpuilbl A. PaGortaTb ¢ Matpuueii, y KoTopoi
cond(A) > 4 Heub3sl.

Merop l'aycca
1121 + 1222 + ...+ A1p Ty = by

Ap1T1 + ApaTo + ... + AppTn = by,

B HpI/IMI/ITI/IBHOﬁ peansanuu MeTonaa Faycca (HOC.He[LOBTe.)’IbHOM HCKJIIO‘{eHHEM) MO-
K€M CTJIKHYTbCH C AE€J€eHUEM Ha 0 uan GJHU3KHH K HYJIIO 3JIEMEHT, II03TOMY pea-
JIM3YyeTCAd METOMA BeAYyUIero 3JeMeHTa. 2 crnocoba:

1. Ha k mare B ocraBiueficsi(Heo6paGoTaHHOH) MaTpHlle HAXONAT CaMbli 60JIb-
IIOH 10 MOAYJIO 3JeMeHT. 3aTeM CTPOKH M CTOJOLbl NepecTaBJsioT Tak,
4TOOBl OH MOMEHSJICS MeCTaMH C aki. 3aTeM Ha 3TOT 3JeMeHT OeJsaT k
CTpPOKy. MeTo XOpoLl ¢ TOYKH 3peHHs HaNeKHOCTH, HO MPH NepecTaHOBKeE
CTOJIOLIOB POHUCXOAUT NepeHyMepalyss KOMIOHEHT BEKTOPA .

2. Ho yaie Ha npakTHKe UCHONB3YIOT Apyroi crnoco6. Ha k ware makcumasne-
HbIH MO MOMYJIIO 3JE€MEHT Pa3biCKUBAIOT He BO BCEH MaTpHlle, a TOJbKO B k
cToJIOIEe U MEPECTaB/ISAIOT MECTAMH TOJNBKO CTPOYKH.

Xopolasi nporpamma, peajusytoiiast Metol ['aycca, fo/KHA yIOBAETBOPSATH Clle-
IYIOLIAM YCJIOBUSIM:

e BHIGOp BeAyLlLEro sJeMeHTa

e 3(pdekTUBHOCTb pelneHus Heckonbkux CJIAY ¢ oguHakoBbiMM A U pas-
JuyHbiMM B. B dacTHOCTH, Takas MOTpPeOHOCTb MOXKET BO3HUKHYTb IIpPH
HXOXAEHHUH 3J€MEHTOB 00paTHOH MaTpuubl Axy = by

® BLITIOJTHEHHE OLUEHKH 4HCJia 06YCJIOBJIEHHOCTI/I

Bropoe ycnoBue peanusyercs ¢ nomouipto LU-pasmioxeHus.
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LU-pa3noxenue
01171 + G12T2 + ... + a1 Ts = by
aq1T1 + a42%2 4+ ...+ Apn Ty = b4

HckaounM x; M3 BCeX CTOJOGLOB KPOMY MEPBOrO(JOMHOXHM CJieBa Ha JIEBYIO
TPEYroJibHyio MaTpuuy My):

1000
—em g g
Mi=1_ai o 1 ¢
_@dog oo g

ail

Torna My Ax = M, B. Jlanbliie aHaJOTUUHO CO BTOPBIM CTOJOIOM:

1 0 00

0 1 0 0

Mi=1p —aia 1 g
agz

0 —4 0 1

az2

B UTOre MOJYyUHUM:
MsMoMy A =U
———
M

Tne U — BepxHss TpeyrosbHasi MaTpuua, a M — Jepas Tpeyro/bHas (Mo MocTpo-
ennw). A= MU, 1.e.:
A=LU

[Ipuuem MaTpuua L UMeeT eIUHUYHYIO AHATOHAJb.
Ecsu LU-passnoxenue usBectHo (LUx = B), To pelienue (47) cBomuTcs K
pElLleHHUI0 IByX CUCTEM C TPEeyrojibHbIMH MaTpULaMH:

Ly=B
{U;z:_y (49)

Bropoe Tpe6oBaHue peannsyercs ciaenyomnm ob6pazoM: ogHoKpaTHO HaxopaT LU
pasyioKeHre MaTpHULbl, a 3aTeM HeOOXOAUMOe YMCJIO pa3 pellalnT cucteMbl (49).

IIporpammer DECOMP u SOLVE
DECOMP(NDIM,N,A,COND,IPVT,WORK)
NDIM pasmepHOCTb MaTpULbl A.

A wucxonnasi matpuna. Ha Beixome tam Haxomnutcss LU-pasnoxeHnue 3Tod mMatpu-
LB

COND oueHka uncsaa o6yca0BJIeHHOCTH.
IPVT BekTOp BemyliMX 3/1eMeHTOB. k KOMIIOHEHTa yKa3blBaeT, KAKOe ypaBHeHHe

HCII0J1b30BaJoCh Ha K 1are.
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WORK pa6ouuit maccus pamepHocTd N (n3-3a y6orocTu ¢oprpaHa).
SOLVE(NDIM,N,A,B,IPVT)
B BexTOp mpaBbIX YacTel, TyAa 3aMUCHIBAETCS OTBET.

IPVT ykasbiBaeT rie Kakue 3jeMeHTH B B (cTo/I61bI MeHsieM MecTaMu).

21 Mertog nociexoBaTeJbHbIX IPUOJINIKEHUN IJIs pe-
IEHUI JUHEHHBIX CUCTEM

Cucremy (47) 3KBUBaJIEHTHBIMU MPe0Opa30BaHUSIMHU NPUBOAST B BHUIY:
z=Cz+d (50)
Tounoe pemenne (50) BBINISIAUT Tak:
= (E—-C)"'d (51)

3anumem BMecTo (50) cHcTeMy Pa3HOCTHBIX ypaBHEHHE (D2), KOTOPYIO pelirM
TIOIIaTOBBIM METOIOM:
Tn1 = an +d (52)

3 Bompoca:

1. Cxomutcst iu (52)?

2. Ecsu cxoputesi, TO K yeMy?

3. Kak 6blcTpo cxomuTcsi?
Tounoe pemenne (52) nmeer BUI:

z, =C"xo+ (E—C")(E—-C)d (53)
Beiutem uz (50) (53):
¥ — 2, =C"(E—-C)"'d—C"zy = C"(z* — m0)
O6o3HauuMm ¢,, = x* — x,, Torma
¥ —x, = C"e

Cr =) Tu\;
k=1

Ho6xonumoe W nocratouHoe ycjoBHe CXOAMMOCTH Meroxa: |A;| < 1 Vk. Ha
NpakTHKe COOCTBEHbE 3HA4YeHHS He CUHMTAIOT, a HMIOJMb3YIOT JOCTaTOUHOE YCJO-
Bue ||C]| < 1, T.x. no BTopomy caencteuto u3 TS |A,| < ||C].

HrepanyonHblil mpouecc GyIeT CXOAUTCS TeM ObICTpee, YeM MeHblie COOCTBEH-
Hble 3HadeHHMs Martpuusl C' uauM eé HopMa. [losTomy BBIGODP 7 BJIMSIET He Ha
CXOLMMOCTb, @ Ha €€ CKOPOCTb, H BCE HCKYCCTBO 3aKJ/IO4YaeTcs B BEIOOpE TaKHX
5KBHMBAJEHTHBIX MpeoOpa3oBaHuil, KoTopsie AenaioT ||C|| Kak MOXKHO MeHbLLIE.
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22 PemeHue HeJUHENHBIX YPAaBHEHUU U CUCTEM

f(z) = 0 B ofweM caydyae MOXKET HUMeTb CKOJBKO YTOAHO pelleHHd (H He
HMETb BOBCE).

3ajaue moMcKa HyJs MPeIIecTBYeT Tl JoKanu3annu npomexytka ¢ 0. Pac-
CMOTPHM BapHaHT, KOrAa x — cKajsp, a f(x) — ckajispHas QyHKLHUS.

1. Huxoromust (Meton Oucekuun). CyTb MeTOfa 3aK/AOUAETCS B AEJEHHH OT-
peska Ha 2 yacTH W BbiGopa Toro otpeska, rae f(a)f(b) < 0, T.e. Ha KOH-
[ax KOTOPOro yHKLHs UMeeT pa3Hble 3HAKH. [locje m aroB nNpoMexyToK
coKpaiaercsi B 2" pa3 He3aBUCHMO OT BHIA (DYHKIHH, I03TOMY METO[ Ta-
panTupoBaHHO cxoputcsi. Ho mpu aTom Oymer HaiijneH Tosbko omuH 0 u3
HUMeIoIHXCst (eC/Id eCTh).

2. Meropn cekyunx. TouKkoil je/ieHHs] OTpe3Ka Ha JBe 4acTH BbIOMpAEeTCs He
cepeirHa, KaK B MeTofle GMCEKLHH, a TouKa NepeceyeHus MPsSIMOH, MpoBe-
nerHoit dyepes f(a) u f(b), ¢ ocbio abcuucc.

Meton xopn (Mopucukauus). Uepe3 nBe TOYKH MPOBEAEM HHTEPIOJSIIUOH-
HBIH TTOJIMHOM | CTeneHUH Y BO3bMEM ero KOpeHb B Ka4ecTBe TOUKH JeJIeHUS
oTpeska.

O6a 3THX MeToma TaKxKe rapaHTHUPOBAHHO CXOAATCH.

3. Mertop o6paTHoi napabosauyeckoil HHTepnonsLMK. HaunHas co BToporo ia-
ra MOXKHO M0 3 TOYKaM CTPOUTb (QQ2(x), peliaTb KBajpaTHOE ypaBHeHHE
Q2(x) = 0, mosyyaTb YETBEPTYIO TOUKY M OIHY M3 CTapblX TOUEK OTOPAChl-
BaTb.

Ecan QyHKIHST XOpOLIO OMHCBIBAeTCS MPSIMOH WM MapaboJiol, TO OTBET
noJiyaeM o4eHb GbICTpO. B coydae 3amensienus cxogumocty (MpubanKeHUs
K Kpalo MpoMexKyTKa) Ha 1-2 mara ucrosib3yetsi MeTON OUCEKIHH.

IIporpamma ZEROIN

ZEROIN(A,B,F,EPS)
A,B xonusl npomexytka (F(A)F(B) < 0 10/KHO OBITB).
EPS tpebyemasi TOUHOCTb.

Buyrtpu nporpammbel ZEROIN peanu3oBaHbl 1Ba MeToga — MeTOn OWCEKUHH U
MeToq 06paTHOH mapabonuueckodl HHTepnoasuuu. [lepekstoueHre Ha MepBbId Me-
TOJ TIPOUCXOIUT TIPU 3aMelJIEHUH CXOIUMOCTH.

23 Merton noc/exoBaTeJbHbIX MPHOINKEHUN

f(z)=0 (54)

DKBHUBaJEHTHBIMH TpeobpasoBaHusiMu (54) MpUBOAAT K BHAY & = ¢(x), KOPeHb
KOTOpPOro 0603HayaoT 3a x*, T.e. * = @(z*). [Ipn stom x* = z,, + &, Bmecto
3TOr0 yPABHEHHUs pellaeTcsi Pa3HOCTHOe ypaBeHue (55) MOIIATOBBIM METOLOM:

Tnt1 = ¢(Tn) (55)

37



CHoBa HMeeM TpH BOTpoOCa:
1. Cxomgutcs i (55)?
2. Ecsu cxoputesi, TO K 4eMy?

3. Kak 6ricTpo cxogutes?

*

o — = pla") — p(an)
St = P +€n) = @) = plen) + 510 (1) = p(n) = 2ng'(n)

YcnoBueM cxomuMocTH siBaseTcsi |¢'(n)| < 1, mpuueMm mpouecc CXOLUTCS TeM
OblcTpee, YeM MeHbllle 3Ta NPOU3BOLHASA, CJEN0BATENbHO, BCE HCKYCCTBO COCTOMT
B nepexone oT (54) k Buny = = ().

Dopmysa (55) coxpaHsieT CBOH BHJI U NPH pelleHHH CHCTEM ypaBHeHHH (T.e.
Korja x, ¢ — BeKtopa). MoxKHO 1moKasaTb, YTO MPH STOM AOCTATOYHBIM YCJIOBHEM
CXOIMMOCTH OyIeT H%H < 1, 1.e. HopMa MaTpuisl fko6u Menbiue 1. Heobxoxu-
Moe ycqoBHe |Ag| < 1. Marpuua SkoGu BBIMISIAUT Tak:

8<,a(l> 8<P(1) &p(l)

Oz (D) 0z (2 o 9g(m)
dp : .
Oz &O(m) &p(m) &P(m)

oz (1) o0z (2) e Ox(m)

Merton HeroToHa (MeTona KacaTeJbHbBIX)

fl@)=0,z* =z, +¢e,

X En es
f(@*)=0=f(z, +e,) = flwn) + Ff/(xn) + gf”(??) (56)
Ot6pachiBasi mocjenHee cjaraemoe (MOTPerHoCTh), MOJTYUHM:
En = — f,(xn)
f(zn)

Torna ouepenHoe npubAUKEHNE BBITJISAUT TaK:

Tn41 = Tp — f/(I )
n

Ot1eH|M CKOPOCTh cxoguMocTd Metona Heiotona. Jlsist atoro Beiutem U3 (57)
T* 13 060MX YacTeH:

f(wn) _ f(zn) + Enf/(xn)
f(w) f'(wn)

Bripasum uucauTe b Yepes BTOPYH MPOU3BOAHYIO Mo (opmyse (56):

e ()

T T Plaw)

Ent1 = Ep t

"
Torna, ecau |2’}T(;'))| < ¢, T.e. OrpaHHYeHa, 10 |e 41| < ce2 u meron HbioTona
cxonutest. ToBopsit, uto MeTon HbloToHa MMeeT KBaapaTHUHYIO CKOPOCTb CXOAH-
MOCTb, T.K. IIpH ¢ = 1 OGyjieM MoJy4aTh 0 [Ba BEPHBIX 3HAKA HA Ka)XKIOM LlIare.
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Meton HbloToHa MMeeT BBICOKYIO CKOPOCTb CXONMMOCTH, €CJ/H Booflle CcXO-
JMTCS, T.€. OH KaplHu3eH K BbIOOpY HauanbHOro mpubauKkeHus. [lostoMy onHO U3
4acTO HAKJ/aAblBAEMBIX YCJIOBHH — 3HAKOMOCTOSIHCTBO MPOMU3BOLHOH.

Ha npakTuke uacTo MCHosb3ylOT MOAU(MULHUPOBAHHBIE MeTon HbloToHa:

Tp4+1 = Tp — f/(xo)

[Tpou3BOAHYIO CUUTAIOT OJHOKPATHO WJM JOCTATOUYHO penko. CKOPOCTh CXOAHMMO-
CTH TIPH 3TOM MAajaeT, HO KaxKIbli wWar o6XxoauTcs "meriesse”.

Pacinputh 06s1aCTh CXOOUMOCTH YaCTO 103BoJisieT MeTon HbloToHa ¢ perynu-
POBKOH I1ara:

Tpil = Tp — Q-—x O0<a<l
n+ n fl(xn) )
Ha nepBbix mwarax BeibupaioT « ~ 1/3 (nampumep). Ilo mepe npubinxkenus x 0
BbIOUpAIOT v &~ 1 U (popmysa nepexoquT B oObIUHBIE MeTon HbioToHa.

PemeHne cucteM HeJIMHEWHBIX YPaBHEHHU

Paccmotpum cucremy
F(X)=0 (58)

(r.e. F'u X — Bektopa). TouHoe pelieHue 3TOH CHCTeMbl 0630HaYUM TaK:

(1)
X = (X?2>>
X
X, = X,, + €. [Ipubnuxenve Ha n ware:
(1)
X, = (X@))
Xy
B nepBoe ypaBHeHHe (58) MoacTaBUM TOYHOE pEIlIeHHE:
0= 7 (X0 X = 00 (X004 20 X2 1 o)
Paznoxum B psif:
(1)
W (x® <2>> _ ) (x® <2>) " (v <2>) (1)
FO (XD X ) = (XD x2) + T (xD x(2) el

afm
0x(2)

(Xg) Xy(;)) e 4.

[TponenaB aHa/JOrHUHYyi0 OMEpALHIO [Js BTOPOro ypaBHeHHsl B BbipasuB f(X,),
HOJY4YHM:

(1) (1)
e + Hayed = —fO (x5 X5

@) (1 @ (2 ) )
0101 29— oo () xiP

Merton Hbiotona pasi petienusi CY:

{ Xn+1 = Xn +én
%(Xn>5n = —f(Xn)
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Kaxnpiil war — pewenne CJIAY oTHOCHTEBJHO £,,. DTOT METOL TaKKe YyBCTBHU-
TeJleH K BbIOOpPY HA4asbHOrO NPHUOJMKEHHUS.
Ha nmpakTuke 4acTo MCMONB3YIOT MOAHGMHUIMPOBAHHBIE MeTon HbloToHa:

{ Xn—i—l =X, +eén
%(XO)ETL = *f(Xn)

Matpuny Ako6u BbluMCAAIOT B Touke Xo U npoussonsiT eé LU-passoxeHue c
nomotubio nporpammbl DECOMP. Ha Bcex mocsenymomux Iiarax npu pelieHHH
ucnosbdyercs nporpaMmma SOLVE. Matpuna f1ko6u BblYMcsieTcss ¥ pacKJabl-
BaeTcsl OBTOPHO TOJIBKO B C/lyuae 3aMelJ/leHHs CXOAHMOCTH.

24 PemeHue 00bIKHOBEHHBIX AU PepeHIraTbHBIX
ypaBHeHu# U 3agadya Komwu

% = f(t,x), z(tg) =0 (59)
x(t) — pewenue (59). PaccMoTpuM cKassipHBIN Ciydad, OTHAKO BCE MOJyUYeHHbBIE
METOAbl roasdATCA U OJJd peLUEHI/IH CUCTEM ypaBHEHI/IIk/JL
OcHoBHasi uzesi GOJIbIIMHCTBA YMCJEHHBIX METONOB: HCXONHOE Nu(hepeHin-
ajlbHOe ypaBHEHHe MPUGJIMKEHHO CBOAMTCS K HEKOTOPOMY Pa3HOCTHOMY ypaBHe-
HHIO, KOTOpoe 3aTeM pemaeTCH IomaroBblM MeTOLOM.
st 3TOrO BBENEM AMCKPETHBIH HaboOp 3HaueHUW# t, =ty + nh (ecau HeobXo-
JAUMO Me)KZLy HUMHU pemeHHe IIOCYUTATh, TO BCerga MO2KHO HOCTpOI/ITb I/IHTepHOJIH-
LIMOHHBIH MOJIMHOM), Tie h — war uHTeprupoBanus. s KpaTKOCTH 0603HAYMM
2(tn) =z ¥ f(tn,zn) = fn.
[lepefinem K pasHOCTHOMY ypaBHEHHIO, HJIsI 3TOr0 NMpouHTeprupyeM (59) Ha
[tna tn—i—l]:
thai
Tpil = Tn +/ flryz(r)dr (60)
tn
PaSJ'II/I‘-IHbIe METOIAblI OTJIUYAKTCA ]lpyF OoT Ilpyra CHOCO6OM BbIUHUCJIEHU A I/IHTel"pa.Ha
B popmyne (60).

[Tocuutaem mo opmyse NpPsIMOYTONBbHUKOB:

Tn+1 = T + hf(t'm xn) (61)
Tpn+1 = T + hf(tn+17 mn+1) (62)
Tn41 = Tn + }EL (f(tn+171.n+1) + f(tnvxn)) (63)

Dopmyna (61) — siBHBIE MeTon JoMmaHbIX Jijepa, (62) — HessBHBHIH MeTOH JO-
MaHbIX Jiijepa, (63) — HesiBHBIH MeTon Tpaneuui. HessBHBIMH OHH Ha3bIBalOTCS
[IOTOMY, YTO SIBJISIOTCS HEJIMHEHHBIMH YPaBHEHUSIMH OT Ty y1.

[TorpoGyeM Bocmosib30BaThCsi KBaapaTypHoi (opmynoi CumrncoHa:

b (f(a)+f<b>+f(“§b))

Jlasi eé mpUMeHeHHUs] HAallo BBIUHCIATD f(xn+%) — HeHu3BeCcTHO 4To. Bee ocranb-
HBI} KBaJpaTypHble (GOpMYJbl He MOAXOAAT MO 3THM K€ COOOpaKeHHsM.

40



25 Mertoasl Agamca

B cepenune XIX Beka Anamc mpemsioxKuJ HCIOJAb30BATh MPEIbIAYIIHE TOUKH
(tn,tn—1,tn—2,...) — CTPOUTb MO HUM HUHTEPIOJSLUOHHBINA OJUHOM U UHTETPHU-
poBatb ero B (60). Hanpuwmep, 1o ¢,,,¢,_1 CTPOUM:

T —1p_1 T—1y

f(T,J?(T)): Jot

tn - tnfl tnfl - tn

fn—l

HHTerpupys, nonyunm:

h
Tptl = Tp + 5(3fn — fn-1)

Ecau B3siTh 4 mpenpiaylive TOUKH U TOCTPOUTh (J3, a 3aTeM €ro MPOUHTErPHUpPO-
BaTb, TO MOJNYYHUM GoJiee TOYHBIN MeTon Agxamca:

h
xn+1 =Ty + ﬂ(55fn - 59fn71 + 37fn72 - gfn73) (64)

Metonsl Anamca He "camocTapTytoline" U /s Hauasa cBoell paboThl TPeOYIOT
pacueTa OOMOJIHUTEJ/JbHBIX HadaJlbHbIX yc.fIOBHﬁ.

TpynoéMKOCTb METOIOB COCTOUT B KOJUYECTBE BbIUMCJEHHH f Ha OQHOM luare.
W1y mMeroga Ajamca ¥ y npouyux Halo CUMTATh BCEero ofiuH pas. B merome Apamca
HUCIOJb3YIOTCA pe3yJibTaThl, IOJYHYEHHbIE Ha NpeablAYyLIeM llare — B 3TOM 3aKJIio-
YaeTCsi ero NperMyLecTBo.

JlokanbHasi U riao6anbHasi morpemwHoOCcTb. IlopsagoK TOYHOCTH
MeToaa

JL/is IPOCTOTHI PacCMOTPHUM $IBHBIE METOA JOMaHbIX diJepa:
Tp+1 = T + hf(tnaxn)

L. f(tn,zn) = f(t,) — He 3aBucuT OT z. MeTon mpeBpalaeTcs B KBafparyp-
HYH (OPMYJy JIEBBIX MPSMOYTOJbHUKOB. €9 — MOIPELIHOCTb BbIUKC/IEHHS
-1
Z1. €1 — TOTPELIHOCTb BbUUC/IEHUS zo. Ha n ware €, = ZZ:O €k

2. f = f(tn,xn) — 3aBHCUT OT x. T MOJydYaeM C MOTPELIHOCTbIO £9. Ho
X2 # 1 + €9 + €1, T.K. B popMyJie JeBbIX NpsiMoyronbHUKOB (hf(t1,21)) f
3aBUCHT OT &, MOJYYEHHOTO C MOrpelHoCcThbio. [lo3TOMy Ha m are mMoxer
BOOOIIe He ObITh BEPHBIX Pa3pPsiOB.

IorpemmHocTb 3aBUCUT OT h, f, GopMyJbl MeTofa U yCTOHUMBOCTH MeToAB. Ilo-
3TOMY BCe METOJBl AeNSAT Ha 2 Kjacca — YCTOHUHBHIE U HEYCTOHYMBEIE.

B o61ieM ciyyae MOrpuIHOCTD 7 LIAra siBJAsieTCs CJA0XKHOU (pyHKLHEH OT Bcex
TNOrPeLIHOCTel, JOMYIIeHHbX Ha NMpeABAyLIMX WaraX. Ec/iu morpeliHocTs, fo-
NyllleHHass Ha OJHOM llare 3KCMOHEHLHaJbHO PacTeT Ha MOCJeNHHUX Ilarax, To
rOBOPSIT O HEYCTOMYMBBHIX a/lroputmax. B NIpoTHBHOM ciydae, ecau eé ynaercs
yaepxKarb B yIpaBJ/seMblX IPaHULAX, TO FOBOPAT 00 yCTOHYMBBLIX alropUTMax.

Ha npaxTuke BBOAST 2 BHAA MOIPELIHOCTH — JIOKAJbHYIO U IVI0OA/BHYIO:
JlokanpHasi MOrpelIHOCTb — IOrPELIHOCTb, AOMYILIEHHass Ha OJHOM Iiare IIpH
YCJIOBHH, YTO BCe MpelblAylide 3Ha4eHHs Z, OblIH MOCYMTAHBl TOUHO.
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[1o6anbHasi MOrpeIHOCTb — Pa3HOCTb MEXKIY TOUHBIM U NPUOIHKEHHBIM pelle-
HUEM B JaHHOH TOUKe.

Manas noxkaJnbHas MOTPEUIHOCTh He BCerga MpuBOAUT K MaJio¥ BeJHUYUHE TJI0-
6anbHOU TorpewrHocTH. Ecanu ycTOHYMBOCTE MeTona obecriedeHa, TO MaJjod Be-
JIMYHHBI JIOKaJbHOU MMOrpelIHOCTH 6yneT cJjeqoBaTh MaJiasgd BeJIMUHMHA ry100aJbHON
MOrPELHOCTH.

B kayecTBe XapaKTepHUCTHKH JIOKAJbHOH MOTPELIHOCTH BBICTyaeT CTEleHb Me-
TOOA UJH MOPANOK TOYHOCTHU MeTona.

Bce paHee paccMaTpuBaeMble MeTOABl YKJ/ablBA/IUCh B CJIEAYIOLLYIO CXeMY:

Tntl = Tn + hF(t'm hyTp, Tn_1,... 73"?’7]78) (65)

C npyroii CTOPOHBI X471 = (L, + h). Paznokum B psig mo cTeneHsM h:

> hEaR)(t,)
z(tn +h) =$n+ZT (66)
k=1
Pazjioxum (65) B psifl B TOUKE &y,
Tpal = Tp + Z aphfz®) (tn) (67)
k=1

[oBopsT, uto Meton (65) UMeeT cTerneHb TOUHOCTH (TOPSIIOK) P, €CJH Pa3JIoKeHHe
Mmetoza (67) coBmangaer ¢ TOUHBIM pasJoxeHueMm (66) 1o hP BKIOUHTENbHO.
YcTaHOBUM TOUHOCTbH paHee PacCMOTPEHHBIX METOIOB:

e SIBHBIF MeTOn JIOMaHBIX Diisepa:
T+l = Tp + hf(tnawn) =Tn + hx/(tn)

T.K. @' = f(t,z). CpaBaum ¢ (66): coBmagaeT TOJbKO MEPBBIH YjeH pasJio-
JKEeHHsl — 3TO METOJ MePBOi CTENeHH TOYHOCTH.

e HesBHbIH MeTOn JoMaHbIX Diisepa:
Tpi1 = Tp+hf(tng1, Tny1) = Tp+ha (tn+h) = zp+ha! (t)+h2a” (t,)+- - -
DTO TOXe METO[ MEPBOH CTENeHH TOUHOCTH.

e dopmyna Tpaneuni

h
Tpy1 = Ty + 3 (@' (tp) + 2’ (t, + h)) =

ru+ 3 (0 ) 4 10”0+ 0 )

DTOT MeToJ UMeeT BTOPYIO CT€IEHb TOYHOCTH.

e Merton Anamca

Tpt1 = Ty + g(?’fn - fnfl) =Xy + g(?’x/(tn) - (E/(tn - h)) =

Ty + g(?;x’(tn) — 2/ (t,) + ha' (tp) — B2 (t,) +---)

3ror MeTO[ TOxKe WMeeT BTOPYIO CTE€IeHb TOYHOCTH.

Jlerko yGenntbest B ToM, uto (64) — Merton Anamca 4eTBepTOH CTeneHH
TOUHOCTH.
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26 MeTtoabl PyHre-KyTThbl

dx

E :f(tvm)

CrenaeM M3 HEero pasHOCTHOE ypaBHeHHe | mopsika.

Ty 1 =Ty +hf(ty,r,) — ABHBIH MeTOA JOMaHBIX Jiiepa

h
Tptl = Tp + §(f(tn,xn) + f(tn,hxn,l)) — HesIBHBI MeTo[ Tpamnenui
(68)
dt10 — Metox Ditnepa-Komwu.

h
‘T;+1/2 =2Tn + §f(tn7:17n)

h
Tn4+1 = Tn + h (f <tn + §7xn+1/2>>

DTOT MeTOJ HOCHUT Ha3BaHHE YCOBEPIIEHCTBOBAHHOTO METONA JIOMaHbIX DiJiepa.
CreneHb TOYHOCTH Oblia paBHa IBYM, HO COXPAHHUTCS JIM OHA NMPH NpUOMIH-
JKEHHOM BBIYHCJIEHHUH T, ;1 WJIM CTaHeT 1? Ecai HeT, TO MeTOZ JIOMaHBIX Jilsepa
JaeT TY Ke TOUHOCTb MPHU MEHBIINX 3aTpaTax.
O6001KM:

kl = hf(tnvl'n)
kg = hf(tn+o¢ha 'rn+6k1)
Tnt1 = Tn + prky + paka, T€ p1 ¥ py — HeonpelenéHHbe KOIPDUIIHEHTEI

(69)

[Tapametprl o, 3, p1, p2 6yoeM BbIOUpPaTh Tak, 4TOObl METOM MUMeJ MAaKCHUMaJbHYIO
CTeNeHb TOUHOCTH.

< pka®(t,)

o — TOYHOEe Pa3JjioKeHHe (70)

Tpt1 = (ty, + h) =z, +
k=1
a' = f(t,z). Torna
y_0f 0for_of  of,
YT 0t Tozot ot om
[ToncTraBum B opmyny metona ki u ks:

Tpt1 = Ty + plhf(tvu mn) +p2hf(tn + ah, z, + ﬁhfn)

Pasnoxum B psin no creneHsiMm h B Touke t,,:

suis = ot minfy oo (Fenn) 44, (Gt 5L05))
Bbi6upath mapameTpbl Gynet Tak, 4Tobbl (71) MakcuMasbHO coBmazgano ¢ (70).
p1t+p2=1
poax =1/2
p2f=1/2

[Tonyunsau 3 ypaBHEHHs ¢ TPeMsl HEM3BECTHBIMH, [T0TOMY CYLIECTBYeT GeCKOHed-
HO MHOro MetonoB Pynre-KyTThl co ctenenbto TouHocTu 2. Haubosee nonynsipHel
CJIeAYIOLHe MEeTOBI:
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e Merton diinepa-Komu. [Ipu sToM py = p2 =1/2una=04=1

e YCOBepIlIEHCTBOBAHHbIM MeTOJ JIOMaHHbBIX Jijiepa: p1 =0, po =1, a =3 =
1/2

O6a 3TUX MeTola HMEeIOT BTOPYIO CTeNeHb TOYHOCTH.

MeTonpl 3 cTeneHH TOYHOCTH TPeOYIOT, 4TOObl f BBIUKCJSAIACH HA OfHOM LUare
3 pasa, 4 creneHu — 4 pasa, MeTon D crTerneHHW TpeGyeT BbluMc/aeHHs f 6 pas.
[Tosatomy meton PyHnre-Kyrta 4 crenenn nosyuns Han6oJbIIYIO MONYJASPHOCTD:

kl = h’f(t’ﬂvxn)

h 1

ky = hf(tn + 520+ 5k1)
h 1

by = hf(tn + 520 + 5k2)

:ZC4 = hf(tn + h, In —+ kg)

1
Tpg1 = Tp + E(kl + 2ko + 2k3 + ky)

Eciu f # f(xz), TO MOXHO TPHUBECTH CJjlaraeMble M TOJYYHUTb KBaipaTypHYIO
¢dopmyny CumrcoHa.

IIporpamma RKF45

Hcnosbsytotes Metonsl Pynre-Kyrta u @esbbepra 4 U S cTeneHrd TOUHOCTH.
MeTtozbl NOCTPOEHBI TAKUM 00pa3oM, YTO U MeTol 4 CTeNeHH U MeTO[ D CTeleHH
HCIOJIb3YET OfIHH U Te Ke 3HaueHwus (3anyra Penbbdepra).

6
i=1

6
J:Si)_l =, + Z Pk,
i=1

I/ICHO.HLSyETCH OJs1 KOHTPOJIA MOTPEIHOCTH:

6
4 *
55515411 - 5551411 = Z(Pi — P)ki

i=1

Ecau 3Ta pasHocTh Masia, TO YBeJWYHBAEM LUAT, €CJIH Maja — yMEHbLIAeM.
RKF45(F,N,X,T,TOUT,RE,AE,INDEX,WORK,IWORK)

F npouenypa, Beruucsasiomas f(t,x).

N nopsinok cucTeMbl ypaBHEHUH.

X BekTop pelieHUs B Touke T.

T,TOUT nauasnbHble U KOHEYHBIE TOUKH.

RE,AE otHocuTesbHAst U abGCOMIOTHAS MOTPEIIHOCTH.
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INDEX nepemeHHas ynpaBJjeHus pacueToM. Ha Bxonme mpu mepBoM o6palieHUU
INDEX=1, npu nocnennem INDEX=2. HopmanbHoe BHIXOIHOE 3HaueHHeE
INDEX=2.

WORK,IWORK pa6ouue maccusbl.

27 T'nobanbas norpemHocth. OrpaHuyeHne Ha mar
MHTETrpUpOBaHUS

Ha npakTuke rno6anbHy0 MOTPeLIHOCTb TSXKeJ0 OLeHHUBaTb, I03TOMY OLEHH-
BalOT JIOKAJ/IbHYI0, oOecleunBas Ipy 3TOM YCTOHYMBOCTb METOZAA.
Bynem usyuate nosefeHue Io6ajbHOH MOIPEIIHOCTH Ha NPUMEpe pelleHHs

cucremnl JY:

dzx
—=A 72
e T (72)

PerieHue 110608 HeNTMHEHHON CHCTEMbl B OKPECTHOCTH JIFOOOH TOYKH MOXKET ObITh
aNMpOKCUMHUPOBAHO pellleHHeM CHCTeMBl (72), MO3TOMY eC/JH METOX IJIOXO cebs
BeIET B NpH pelleHUH (72), TO OH MOYTH HaBepHsKa OyIeT MJIOXO ceOsi BECTH U
[PY pelleHUH HeJIMHeHHOH CHUCTEMBI.

[pennonoxum, uto RN, < 0 Vk. Torma TouHoe pemienue (72) Gymer accum-
NTOTHYECKH YCTOHUYUBBIM M OrpPaHHUYeHHBIM. [/ KaueCTBEHHOTO COOTBETCTBHUS
TOYHOT'O U MPHUOJIHKEHHOTO pelleHHs ClelyeT MoTpeGoBaTh, YTOOb! pelleHHe pas-
HOCTHOTO ypaBHeHHs BBIODAHHOTO YHCJEHHOTO MeTofia Takxke Obio AY u orpa-
HUYEHHBIM.

PaccMOTpUM $IBHEIX MeTO JIOMaHbIX DiiJjepa:

Tna1 = Tp + hf(tn, zn) = zp + WAz, = (E + hA)z,

Heo6xonumo, utodnl |1 + hA;| < 1. Ecam Ay, = a + iw, TO 3TO 3KBHBAJEHTHO
|(1+4 ha) + thw| < 1 um:

(14 ha)® +h2w? <1

MHoxecTBO 3HaUeHUU h\, yIOBJETBOpSIOlLIee YCTOMUUBOCTH METONA HA3bIBAETCS
00J1aCTbI0 YCTOMUMBOCTH JAHHOIO MeTona. B yacTHoCTH, ecsiu A\, BellleCTBEHHBIE,
TO MOJIy4YaeM CJefylollee OrpaHUYeHHe Ha Miar:

2

h < ——
|>\k|max

Ho yamie oueHHBalOT He C TMOMOBIIIO Ak, a HCMOJb3YIOT AOCTAaTOYHOE YCJOBHE
h < am

Hlar npunércs BeIOUpPaTbh TeM MeHblie, 4eM OoJiblle pa3bpoc MexXay Ak, T.e.
yem xyxe oOyciosieHa A. Takue Y (¢ Gosbuium pa3bpocoMm A;) Ha3BaHHe
xkecTkux cucteMm HY. Ilas ux perieHWH xapakTepHbl JBa ydacTKa:

e HayaJbHBIH Y4aCTOK OYeHb MaJieHbKOU MPOAOJIKUTENBHOCTH (MOrpaHUYHBIH
cnot). XapakrepuayeTcs: GOJbLUIMMU TPOU3BOIHBIMH.

e OCTaJbHOU y4acTOK C OTHOCHUTEJbHO MaJibiIMU MIPOU3BOAHBIMH.

45



Taxue e orpaHUYeHHs Ha LIar UMEIOT U APyrHe iBHble MeToAbl. TaK, HaNpH-
Mep, A5 MetonoB Pynre-KytTa 2 crenenu h|Ai| < 2, 4 cremenu h|\;| < 2,78, a
st metona Anamca 4 crenenu h|\;| < 0, 3.

JLst peleHHs] KeCTKHUX CHCTEM Lie1ec000pasHO MPUMEHSITh METOAB!, 006/1aCThb
YCTOHUMBOCTH KOTOPBIX BKJIIOUaeT B cebsl BCIO HJIM TMOYTH BCIO JIEBYIO MOJYIIIOC-
KOCTb.

PaccMoTpuM HesiBHBIH MeToJ JloMaHbIX JiJepa:

Tn4+l = Tn + hf(thrh anrl) =T+ hAxn+1
(E —hA)xp41 =z
Tpy1 = (E—hA) "z,
Jns ycToH4MBOCTH HEOOXOAUMO:

1

m, T.€. |1 — hAk| > 1

Jns HesiBHOrO MeTofa Tpamenui:

h h
Tn+1 = Tn + 5 (fn + fn+1) =X, + 5 (Axn + Aanrl)
ho\T h
=(FE—-=-A E+-A
xn+1 ( 2 ) ( + 2 )xn

1—!—%)%
1— ),

Torma:

<1

Ecmu A\ = a + iw, TO mosydaem:

2 2
1+ h + i < |1 h + o
—a - -«
2 4 2 4
DTO COOTBETCTBYET JIEBOH MOJYIIOCKOCTH: 2ha < 0.
IToutu Bce METOIbI OJI pelIeHUs XKECTKUX CUCTEM HABJAITCA HEABHBIMU. ,HJIH

HaXO0XAeHUsI Tp41 Ha KaxXAOM LIare HCIOJb3yeTCd METOL HeloToHa pelieHus
HeJIMHEHHBIX CHCTEM.

28 Merton HbioTOHa B HESIBHBIX aJropuTMax peiie-
HUs audPepeHaNbHbIX YpaBHEHUM

Jlst mpEMepa paccMOTPUM HesIBHBIH MeTof JoMaHbIX Jisepa. Haxoxpenue
ZTp+1 CBOLUTCS K PelLIeHHI0 CHCTEMBI

F(z)=z—xp — hf(tne1,2) =0
metonoM HeroToHa.

Gj
0z

oF af
(R)\( (k1) _ (k)Y — _ kyy Y95 _np_ Y90
(zY") (= 2y = —F(2'%) o= E—-h
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Tne 2(%) - k npubamnskeHue K 3HaYeHHIO T, 1. IIp¥ 5TOM BecbMa 3((peKTHBEH MO-
IuuLUrpoBaHHBIE MeTon HbloToHa, Korna maTpuia %—f BLIUHCJISIETCS] B TOUKE T,
packmaaneiBaetcsi nporpammod DECOMP u Ha nocsenyromux marax HCIOJb3Y-
ercst TosibKo nporpaMma SOLVE. C ofpamnieHuemM MaTpHIH %—‘: HeT mpobJsieM, T.K.
OHA HUMeeT He CJIMILKOM 6O0JIbILIOe YUCA0 OOYCJOBJEHHOCTH, JaXKe eCJId MaTpHlia
% MJ10X0 06YyCJIOBJIEHA.

B nanHoM ciydae ¢ BbHIGOpDOM HadasbHOrO TMpPUOJMHXKEHHS, K KOTOPOMY TakK
KamnpuseH MeTof, npo6seM HeT — B KauecTBe z(?) MoKkeT GBITH BLIOpaHO3HAUEHHE
Zp, WY BBITIOJNIHEH LIAT SIBHBIM METOJOM JIOMaHbIX Disepa.

B urore npumeneHnue Merona HbioTOHA B HESBHBIX aJrOPUTMAax MOXKET OBITh

OMKUCAHO CJIeAYIOLIEeN CXEMOH:

1. B HekoTopoll TOUKe MPOU3BOAUTCS BBIYUCJIEHHE MaTpHUllbl HkoOH, a 3aTem
NPOU3BOJIUTCS e€ passioxkeHue ¢ nomolbio nporpammsl DECOMP.

2. Tlo HadaJIbHOMY YCJIOBUIO Z(O), pacCyuTaHHOMY C MOMOLIbBIO ABHOTI'O METOMAA
JIOMaHbIX 91;'1.]18})3, BBITIOJTHACTCA UTEpaAlHsd MeTona HbroToHa nuis IIoJTy4eHus

Tn+1-

3. Tlocne OI[HOﬁ'I[BYX I/ITean,I/II;.I o MeTony HproToHa pyu OOCTU2KEHHH CXOOH-
MOCTH OCYLIECTBJIACTCA NEPexXon K mary 2. BO3BpaT K mary 1 NIPOU3BOAUTCA
JIMIIb B TOM CJiy4yae, eCJIh MeTO[ HeioToHa nepectaeT CXOAMTCA 3a TPHU MTe-
pauuu.
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